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Abstract Let k be an algebraically closed field of characteristic two. Let R be the ring 
of Witt vectors of length two over k. We construct a group stack G over fc, the metaplectic 
extension of the Greenberg realization of Sp2„(-R). We also construct a geometric analog of 
the Weil representation of G, this is a triangulated category on which G acts by functors. 
This triangulated category and the action are geometric in a suitable sense. 

1. Introduction 

1.1 Apparently, a version of the Weil representation in characteristic two first appeared in 1958 
paper by D. A. Suprunenko ([22], Theorem 11) (before the celebrated 1964 paper by A. Weil 
[23]). This representation and its character were also studied in |16[ I15j. Being inspired mostly 
by [13] and [T7], in this paper we propose a geometric analog of this representation. 

Let k he a finite field of characteristic two. Let R be the ring of Witt vectors of length 
2 over k. Given a free i?-module V of rank 2n with symplectic form uj : V x V R, set 
V = V k. Write Sp(V^) for the group of isometrics of the form Co. Pick a bilinear form 
P -.V xV ^ R such that /3(x, y) - i3{y, x) = iJj{x, y) for all x, y G Let /3 : F x F ^ 2i? C 
be the map {x,y) i— )■ 2/3(x,y) for any x,y ^ V over x,y (z V. It gives rise to the Heisenberg 
group H{V) = V X R with operation 

ivi,Zi){v2,Z2) = (fl +V2,Zi +Z2 +^(fl,f2)) 

The reason for using R instead of 2R in the definition of Hiy) is that in this way it acquires a 
larger group of automorphisms acting trivially on the center. The group Sp(V^) maps naturally 
to this group. 

Fix a prime 1^2 and a faithful character -(/^ : Z/4Z — > Q|. A version of the Stone- von 
Neumann theorem holds in this setting giving rise to the metaplectic extension of Sp(V^) and its 
Weil representation (cf. Section 2 for details). According to [14J, it can be seen as a group 
Mp(V^) that fits into an exact sequence 

1 ^ Z/2Z ^ Mp(y) ^ Sp(y) ^ 1 (1) 

In the geometric setting, assume k to be an algebraically closed field of characteristic two. 
We propose geometric analogs of Mp(F) and H^. Let F be a free i?-module of rank 2n with a 
symplectic form. Write G for the Greenberg realization of the i2-scheme Sp(y). View Hiy") as 
a group scheme over A;, an extension of V by the Greenberg realization of R. 
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Though we mostly follow the strategy of |17j . there are new difficulties and phenomena 
in characteristic two. To the difference with the case of other characteristics, the metaplectic 
extension ([T]) is nontrivial. The geometric analog of ([T]) is an algebraic group stack G over k 
that fits into an exact sequence 

1 ^ 5(Z/4Z) ^G^G^l (2) 

of group stacks over k. Here for an algebraic group H over k we write B{H) for the classifying 
stack of H over k. Actually, from our Remark [U] ii) it follows that there is a group stack G^ 
over k included into an exact sequence 1 — ?> B{'L/2'L) — )■ — ?> G — )• 1 such that ([2]) is its 
push- forward via the natural map i?(Z/2Z) — )• S(Z/4Z). More properly, (5;, is the geometric 
analog of Mp(F), but G}, will not appear in this paper. 

We don't know if G admits a presentation as the stack quotient Gi/Gq for a morphism 
Go — > Gi of algebraic groups over k, where Go is abelian and maps to the center of Gi (we 
would rather expect that G corresponds to a nontrivial crossed module). 

We have not found a relation with the K-theory (or the universal central extension of Sp2„ 
by K2 constructed by Brylinski-Deligne [8]). Instead, our construction of G goes as follows. 

Let C{y) be the Greenberg realization of the i?-scheme of free lagrangian submodules in V . 
First, we define a certain Z/4Z-gerb 

C{V) ^ C{V) 

via the geometric Maslov index (cf. Section 6). It turns out that the corresponding class in 
H^(>C(F), Z/4Z) is invariant under G, but the gerb itself is not G-equivariant. Then G is defined 
as the stack of pairs (5,0"), where 5 G Gander : g* tiy)^ CiV) is an isomorphism ofZ/4Z-gerbs 
over Ciy). 

We generalize the theory of canonical interwining operators from [17J to the case of charac- 
teristic two (cf. Section 7). This allows us to come up with a construction of the Weil category 
T4^(y), which is a geometric analog of T-L^. Here is a category of certain perverse sheaves 

on Ciy) X Hiy). The group stack G acts on VF(F) by functors. This action is geometric in the 
sense that it comes from the natural action of G on CiV) x H(y). 

Similarly to the case of other characteristics, we also construct the finite- dimensional theta- 
sheaf Sy ^, which is a geometric analog of some matrix coefficient of the representation T-L^. It 
serves as the key ingredient for the construction of VF(V^). 

Acknowledgements. We are very grateful to P. Deligne for his comments and suggestions 
about the first version of this paper. 

1.2 Notation Let ^ be a commutative ring and V a free A-module of rank d. As in (|12j. 
Section 5.1), denote by Sym''^{V) C V 0V the submodule of S'2-invariant vectors. It is the 
submodule spanned by the vectors of the form v (Si v, v ^ V . Let a'^{V) C V (S> V he the 
submodule spanned by the vectors of the form v u — u ^ v. Let Sym*^(y) be the quotient of 
V(SVhy a'^{V). For any n let 

A"(y) = n v^'-^ (aV) T/®<^-i-^ 

l<j<71— 1 
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For any n write Sym'"(y) C for the submodule of ^n-invariant tensors and Sym*"(y) 
for the j4-module of S^-coinvariants of V^^. We have canonically 

Sym'"(F*)^(Sym*"(F))* and A" (F*) ^ (A'^F)* 

The space Sym'2(y*) can be seen as the space of symmetric bilinear forms on V. This is the 
space of ^-linear maps 4> : V ^ V* such that (p* = (p. 

Let V he a free A-module of rank 2n. Say that is a symplectic if it is equipped with a 
non-degenerate bilinear form uj : V x V A such that in a suitable base (cj, e_j, 1 < i < n) we 
have uj{ei, e_j) = Sij, u}{ei, ej) = uj{e-i, e_j) = for i, j £ {1, . . . , n} and u}{x, y) = —uj{y, x). We 
call such base a symplectic base. If F is a symplectic ^-module then we trivialize cja : det V"^ A 
by e I— )• 1, where e = ei A . . . A e„ A e_i A ... A e_„ does not depend on a symplectic base (ej, e_j). 
For G A^"M* we have n!e = ±0;". 

The pairing between a free ^-module and its dual is usually denoted by (•,•). If A is of 
characteristic p, write V'^'p^ = V A, where A — > A, a 1— > is the Frobenius map. 

1.3 Generalities on quadratic forms Let A: be a field of characteristic two, which is either 
finite or algebraically closed. Let R be the ring of Witt vectors of length two over k. 

Let L be a finite-dimensional fe-vector space. Let Ba{L*) C {L ® L)* be the subspace of 
bilinear forms (p on L satisfying (p{x, x) = for all x (z L. We call them alternating bilinear 
forms. Write Q{L*) for the /c-space of quadratic forms on L. By definition, it is included into an 
exact sequence — > Ba{L*) — > (L (g) L)* — > Q{L*) — > 0, where the second map sends a bilinear 
form (p to the quadratic form x 1— )■ (/>(x, x). 

Write Qa{L*) for the fc-space of additive quadratic forms on L. The map L* — )• Qa{L*) 
sending y* to the quadratic form y ^ {y,y*)'^ , y £ L yields an isomorphism (L*)^^) ^ Qa(L*). 
One has an exact sequence — )• Ba{L*) — > Sym'^(L*) —?■ Qa{L*) ^ of /c- vector spaces. One 
also has an exact sequence 

^ QaiL*) ^ QiL*) ^ Bail*) ^ 0, 

where the second map sends q to the the bilinear form (x, y) 1— t- q{x + y) — q{x) — q{y). 

Assume given a free -R-module L with an isomorphism L (8)/j L of A;- vector spaces. Note 
that Ba{L*) C Sym'2(Z*) can be seen as the i?-submodule consisting of ip satisfying ip{x, x) = 
for all X G L. Let Q\L*) be the quotient of Sym'^(L*) by Ba{L*), this is an i?-module included 
into an exact sequence — Qa{L*) Q\L*) Sym'^(L*) — >■ of iZ-modules. The action of 
GL(Z) on Q\L*) factors through an action of GL(L). 

Equivalently, one may define Q'{L*) as the i?-module of maps q : L ^ R such that 

• the map bg : L x L ^ R given by bq{xi,X2) = q{xi + X2) — q{xi) — q{x2) is bi-additive, 

and bq{axi,X2) = dbq{xi,X2) for any d £ R over a £ k; 

• q{ax) = a?q{x) for x G L and d £ R over a £ k. 

These i?- valued 'quadratic forms' on L have been considered, for example, in [14 1 125 ^ [18]. 
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1.4 We refer the reader to Section 2 for motivations, in Section 3 we give a detailed description 
of the main results and explain the structure of the paper. 

2. Classical Weil representation and motivations 

2.1. In this section we remind the construction of the Weil representation in characteristic two 
following essentially [14J. This is our subject to geometrize. 

2.2. Let A: be a finite field of characteristic two with q elements, R be the ring of Witt vectors of 
length two over k. Let y be a free i?-module of rank 2n with symplectic form Co -.V ®V ^ R. 
Set V = V k. Let oj : V x V ^ 2R be given by uj{x,y) = 2Cj{x,y) for any x,y &V over 
x,y . 

Pick a bilinear form P -.V xV ^ R such that 

${x,y) - ${y,x) = u;{x,y) (3) 

for all x,y G V. Let f3 : V x V ^ R he the map (x, y) i-^ 2/3(x, y) for any x,y £ V over x, y. It 
gives rise to the Heisenberg group H{V) = V x R with operation 

ivi,Zl){v2,Z2) = {VI+V2,Z1+ Z2 + /3{VI,V2)), Vi G V, Zi G R (4) 

Its center is Z{H{V)) = {(0,z) G H{V) | z G i?}. 

Gurevich and Hadani consider the group of all automorphisms of HiV) acting trivially on 
the center Z{H{V)). For the purposes of geometrisation, we modify their definition slightly as 
follows. Let ASp(y) be the set of pairs (g, a), where g G Sp(V^) and a -.V ^ R satisfies 

• a{vi + V2) - a{vi) - a{v2) = f3{g{vi), g{v2)) - /3(vi, ^2) for ah Vi G V; 

• a{av) = a?a{v) for any v € V and d £ R over a £ k. 

An element {g, a) G A§p(l/) yields an automorphism of H{V) given by {v, z) t-^ {gv, z + a{v)). 
In this way A§p(l/) maps injectively into the group of automorphisms of H{V) acting trivially 
on Z(H{V)). The composition in ASp(y) is given by 

{g,ag){h,ah) = {gh,h^^{ag) + au) 

with h^'^{ag){v) = ag{hv) for all v £ V. We will refer to ASp(y) as the affine symplectic group. 
For a /c-vector space L write 

FQa{L*) = {a : L — > i? I a{xi+X2) = a{xi)+a{x2) and a{ax) = a^a(x), a G R over a £ k,x £ L} 

An element of FQa{L*) writes in Witt coordinates as (0, ai), where ai : L ^ k is additive and 
ai(ax) = a^ai(x) for all a £ k, x £ L. So, FQa{L*)'^ {L*Y'^\ The group ASpCl/) fits into an 
exact sequence 

1 ^ FQa{v*) ^ ASp(y) ^ Sp(y) ^ 1 
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Though it is not reflected in the notation, ASp(y) depends not only on Co but also on /3. 

Let G = Sp(y). We have a surjective homomorphism ^ : G — )• ASp(y) sending g to {g,ag), 
where g G §p(V^) is the image of g, and Og : V ^ R is given by 

c^giv) = hgv,gv) - i3(v,v) 

for any v (zV over v (zV. 

2.3 Fix a prime i 2. Let ^ : Z/4Z ^ Q| be a faithful character. We denote by the same symbol 

tr — 

tp the composition R — )• Z/4Z — )• Q^. A version of the Stone- von Neumann theorem holds in 
this setting, namely there exists a unique (up to isomorphism) irreducible Q^-representation of 
H{V) with central character ^ ([14]). 

Given an irreducible Q^-representation {p,T-L^) of H(y) with central character ip, one gets 
in the usual way a version of the metaplectic group 

Mp(H^) = {{g,M[g]) I g G AMV),M[g] G Ant{n^) 

p{gh) o M[g\ = M[g] o p{h) for ah /i G H{V)} 

included into an exact sequence 

1 ^ ^ Mp(?^^) ^ ASp(y) ^ 1 (5) 

It comes together with the Weil representation of Mp(?^^) on l-L^ given by {g,M[g\) ^ M[g] G 
Aut(?^^). 

Among various results of \12\ [T6t ITSl |T3] let us cite the following two, which are our main 
motivation for geometrisation. 

Proposition 1 ([14J). 1) There exists a group AMp(y) included into an exact sequence 

1 /i4(Q^) AMp(y) ^ A§p(y) 1 
such that ^ is its push-forward via fJ.4,{Qe) ^ Q^. 

1) There is a group Mp{V), which is an extension of G by /i2(Q^) and a morphism of exact 
sequences extending ^ 

1 ^ /i4(Q<?) ^ AMp(y) ASp(y) 1 

t_ t ^i 

1 ^ /i2(Q(?) ^ Mp(y) ^ G ^1 

2.4 Models of the Weil representation 

2.4.1 Write C{y) for the set of lagrangians in V . We modify slightly the notion of an enhanced 
lagrangian from [14] as follows. An enhanced lagrangian in 1/ is a pair (L,a), where L G Ciy) 
and a : L ^ R satisfies 

a{h + h) - oi{li) - a{l2) = (i{h-,h) 
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for k G L and a{al) = a^a{l) ior I £ L,a G k and a £ R over a. Sometimes we will refer to it 
as the enhanced structure on L. Let ELag{V) be the set of enhanced lagrangians in V. Then 
ELagiy) is a torsor under the vector bundle on C{V) whose fibre at L is FQa{L*). 

Given L G ^(V), the subgroup L x R c H{V) is abelian. The novelty in characteristic two 
(compared to the case of other characteristics) is that this is not a direct product of subgroups. 
This is an extension of L by in the sense of commutative unipotent group schemes over k, 
and an enhanced structure on L yields a splitting of this extension. 

Let {L, a) be an enhanced lagrangian in V. Then t : L ^ HiV) given by t{x) = {x, a{x)) is 
a group homomorphism. One associates to the enhanced lagrangian (L, q) a model of the Weil 
representation 

nL = {f: H{V) ^ I f{zT{x)h) = ^{z)f{h),x £L,z£R,he H{V)}, 

on which H(V) acts by right translations. Write p : H{V) — )■ Aut('HL) for this action. 

The group ASp(y) acts on the left on ELag{V), namely g G ASp(y) sends t : L ^ H{V) 
to Adg T : gL —> H{V) given by 

{MgT){x) = gT{g~^x), 

X G gL. This action map is denoted by act : ASp(y) x ELag{V) ELagiV). The projection 
ELagiy) C{V) is ASp(y)-equivariant. Set 

MpiUL) = {{9,M[g]) I g G ASp{V),M[g] G Aut(?^L) 

p{gh) o M[g] = M[g] o p{h) for h G H{V)} 

It fits into an exact sequence 

1 ^ Q| ^ MpCHl) A§p(y) ^ 1 (6) 

Remark 1. Each g G ASp(l^) yields an isomorphism T-Li—f'HgL of Q^-vector spaces sending / 
to gf. Here {gf){h) = f{g~^h) for h G H{V). Write StL for the stabilizor of the enhanced 
lagrangian L in ASp(y). Then SIl acts naturally in Hl, namely g G St^ sends / to gf. This 
is a splitting of ([6]) over StL. 

2.4.2 Write C{V) for the set of free lagrangian i?-submodules in V. Write e : C{V) — )• ELagiV) 
for the map sending L to {L,aj^), where aj^ : L ^ R \s given by 0(f^{x) = /3(x,x) for any 5: G L 
over X G L. 

The surjection ^ : G ^ ASp(l/) is compatible with e, namely the diagram 

G X CiV) CiV) 

i ^ X e i e (7) 

ASp(y) X ELagiV) ^ ELagiV) 

commutes, where the top horizontal map sends ig,L) to gL. For L G CiV) set also Tij^ = T-Ll, 
where L = e(L). Let -P(L) be the stabilizor of L in G. Then ^ resticts to a homomorphism 
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^ : P{L) Sti, and Remark [T] yields a canonical splitting of the pull-back of ([6]) under 

the composition P{L) ^ G ASp{V). The group P{L) fits into an exact sequence 1 — > 
Sym'2(L) ^ P{L) GL(L) ^ 1. 

2.5 Interwining operators 

For a pair Li,L2 € ELag{V) consider the non-normalized interwining operator F^^l^ ■.'Hl^ ^ 
Ul^ given by 

{FL,LAmh)= fin{m)h) (8) 

for / € 'HL2,h £ -f^(^)) where Ti : Li ^ is the enhanced structure for Lj. It commutes 

with the actions of H{V). It is easy to check that F^^^i^ does not vanish iff ri and T2 coincide 
on Li n L2, and in this case it is an isomorphism. 

Let now Li,L2,L3 G ELag{V) with Li D L2 = n L3 = 0. We write r, : L, — )• -f/"(y) for 
the enhanced structure for Lj. Let r : L2 Li he the /c-linear map such that L3 = {r(x) — x G 
Li © L2 I 2; G ^2}- Let us calculate 

PLi,L2Pl2,L3 ■ T-Llz "^Li 

Define the quadratic form Ql^, £2,1/3 : ^2 ^ by the following equality in H{V) 

T3{r{m) - m)T2{m)Ti{-r{m)) = {^^QiiMMi'^)) (9) 

for any m G L2. In other words, 

Qli,L2,L3("T') = a2{m) + ai(r(m)) - 03(771 - r{m)) + j3{m,r{m)) (10) 

Then Qli, 12,13 S <5'(-^2); ^^"^ (flO]) implies for mi, 1712 G L2 

QLiMMi^^i + "^2) - Qli,L2,L3("^i) - Qli,L2,L3("^2) = a;(r(mi),m2) 

This is a symmetric bilinear form L2 x L2 ^ 2R. 
Define the Gauss sum of Qli, 12,13 by 

C(Li,L2,L3)= ^ V(QLi,L2,L3(m)) (11) 
mGL2 

Lemma 1. Assuming only Li n L2 = Li H L3 = one /las 

Fli,L2Fl2,L3 = C{Li,L2,L^)Fl^^l3 

So, C{Li,L2,L-i)FL2,LiFL^^L3 ='fFL2,L3- 
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Proof Let / G •Hig. For h G H{V) we get 

iFLi,L2FL2,Lj')ih) = Yl fiT2{m)Tiiu)h) = f{T3{r{m) -m)T2{m)Ti{u)h) 

u£Li,m£L2 ugLi,mgL2 

We make a change of variables replacing (n, m) by (v, m), where w S Li is given hy v = r(m) + u. 
The above sum equals 

Y2 fi'^si^i''^) — rn)T2{m)Ti{—r{m))Ti(v)h) 

vGLi,m£L2 

Our first assertion follows now from ([9]). The second assertion follows from the fact that 
Fl2mFl^,L2 = 9". □ 

Remark 2. Given Li S ELag{V), the variety {L € ELagiV) \ L Li = 0} is naturally a 
homogeneous space under Q'{Li). Namely, given L2 and L3 in this variety one gets Qli, 12,13 
as above. Identify further Li with L2 via the form u>, so Qli,L2,L3 

Conversely, given L2 in this variety and Qli,L2,L3 G Qm), let (p be its image in Sym'^(L2). 
Define r : L2 ^ Li hy a;(r(mi), 7712) = </>(mi, 777-2) for all 777^ G L2. Let L3 = {r(x) — x G Li ©L2 | 
X G L2}. Now there is a unique T3 : L3 — > -fr(y), T3(y) = (y,a3(y)) such that ([9]) holds. The 
fact that this is a homomorphism is checked using (|10p . 

Remark 3. For any pair of enhanced lagrangians Li,L2 G ELag{V) define the interwining 
operator F\^-^^^ : 7112 as follows. There is w E V (its image in V/{Li + L2) is uniquely 

defined) such that for all x G Li PI L2 we have a2(x) — ai(x) = Fr(a;(x, w)), here Fr : — > i? is 
the Probenius. 

Write Li for the subgroup LixRd H{V), similarly for Li n L2 C -H'(T^). Let ipi : Li ^ Q| 
be the unique character such that tPi{ti{x){0, z)) = ip{z) for all x G Li, z £ R. Given / G ^^Ljj 
the function sending u £ Li to 

/((77;,0)77/7)V'r'(^) 

actually depends only on the image of ti in Li n L2\Li. Then we set 

iFU2m)= ^ f{{w,0)uh)i;^\u) (12) 
Mei/ini/2\-£i 

To see that is non zero, take / 7^ supported at L2 then (F^^^2/)(77;, 0) 7^ 0. Finally, if 

Lid L2 = take w = then (fT2l) coincides with dH). The operator (fT2l) does depend on a choice 
of to. 

3. Main results 

3.1 Notation From now on k denotes an algebraically closed field of characteristic two. Write 
W2 for the A:-scheme of Witt vectors of length 2 over k. Let R = W2{k) be the corresponding 
ring of Witt vectors. Fix a prime i ^ 2. Let il) : Wj/AX, — )• be a faithful character. For a 
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fc-stack of finite type S write 0(5) for the bounded derived category of Q^-sheaves on 5*. Write 
P(S') C D(S') for the full subcategory of perverse sheaves. Write B : D(S') — >■ D(S') for the 
Verdier duality. Since we are working over an algebraicahy closed field, we systematically ignore 
the Tate twists. (Certain isomorphisms that we call canonical actually contain the Tate twists, 
for example those of Lemma \TE\i . Write for the group scheme Spec A;[x]/(x^ — 1) over k. 

Remind the definition of the Artin-Schreier-Witt local system on W2,fe- One has the Lang 
isogeny La : W2 W2 sending x to Fr(3;) — x, where Fr : W2 W2 is the Frobenius morphism 
(|21j. section 0.1.2). It can be seen as a Z/4Z-torsor over W2. Denote by the smooth Q^-sheaf 
of rank one on W2 obtained from this torsor via extension of scalars ip : Z/4Z Q|. This is a 
character sheaf, for the sum s : W2 x W2 — > W2 we have s* Kl canonically, and 
is canonically trivialized at G W2- 

For a scheme Z over R we denote by the same symbol Z its Greenberg realization over k 
|13j (the precise meaning being understood from the context). 

For an i?-module of finite type M the same symbol M stands for the fe-scheme whose set of 

/c-points is M. It can be defined as follows. Pick a resolution M_i Mq of M by free i?-modules 
of finite type. The /c-scheme associated to M is defined as the cokernel of the corresponding 
morphism between the Greenberg realizations of Afj. One checks that A:-scheme so obtained is 
defined up to a unique isomorphism. 

For a morphism / : Yi ^ I2 of irreducible /c-schemes of finite type write dim. rel(/) = 
dim Yi — dim 12. 

3.2 In Section 4 we study the geometric analogs of Gauss sums attached to i?-valued quadratic 
forms on a finite-dimensional A;-vector space L. Namely, we introduce an irreducible perverse 
sheaf on Q'{L*), whose fibre at g € Q'{L*) is the Gauss sum attached to q and the character 
■ip. The scheme Q'{L*) is naturally stratified, we describe the restriction of to each stratum 
(Proposition [3|). Generically, is a (shifted) local system of rank one and order four, and 
we describe generically the Z/4Z-covering, on which the corresponding local system trivializes 
(cf. Section 4.5). The sheaf is GL(L)-equivariant, write §^ for the perverse sheaf on the 
stack quotient Q'{L*)/ GL(L) equipped with an isomorphism pr* §^[dim. rel(pr)] ^ for the 
projection pr : Q'(L*) ^ g'(L*)/ GL(L). 

In Section 5 we generalize the results of Thomas [23] on the Maslov index (of a finite collection 
of lagrangian subspaces in a symplectic space) to the case of characteristic two. More precisely, 
we consider a free i2-module V of rank 2n with a symplectic form. To a finite collection of free 
lagrangian i?-submodules Li, . . . ,Lm C ^ we attach i?-modules with symmetric bilinear forms 
-f^i,...,m and ri_...^m, here Ti^...^^ is the quotient of i^i,...,™ by the kernel of the form. This is 
the Maslov index of the collection {Li}. In addition to the standard properties of the Maslov 
index (Propositions H] and [5]), we also obtain some new isometries in the case m = 4, which 
actually hold also in other characteristics. (These new isometries are used in Section 6.3.2 for 
the construction of the gerb Y). 

Let C{y) be the Greenberg realization of the iZ-scheme of lagrangian free -R-submodules in 
V . In Section 6 we use the Maslov index to construct a Z/4Z-gerb Ciy) >C(V^). Let G be the 
Greenberg realization of Sp(y). The gerb C{V) is not G-equivariant, but rather gives rise to a 
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central extension 

1 Bil/AZ) ^G^l, 

of group stacks over k. We call G the metaplectic group (in a sense, this is a geometric analog 
of Mp(y) from Proposition [1]). 

Set Y = C{V)xC{V). Let y ^ y be the Z/4Z-gerb obtained from C{V)xC{V) by extending 
the structure group via Z/4Z x Z/4Z Z/4Z, {a,b) >—^b — a. We show that Y is naturally 
G-equivariant, that is, can be seen as a gerb over the stack quotient Y/G. We construct an 
irreducible G-equivariant perverse sheaf Sy ^ on Y, which we call the finite- dimensional theta 
sheaf (cf . Definition [7]) . 

Let U23 be the scheme classifying (Li, L2, Z3) G ^(V)^ with Li = Zi fiLs = 0. We define 
a morphism j>23 : U23 — > Y extending the projection i>23 : U23 Y, (Li, L2, L3) 1-^ {L2, L3) (cf. 
Section 6.3.1). 

Let L be a free i?- module of rank n, set L = L ®p;/k. The Maslov index of a triple of 
lagrangians yields a morphism to the stack quotient -njj : U23 Sym'^(L*)/ GL(Z) (cf. Sec- 
tion 5.4). 

The key property of Sy ^ is Corollary [H which is the main result of Section 6. It establishes 
a canonical isomorphism of perverse sheaves on U23 

^C^PL^vI^i™- t^^Kpl o TTf/)] ^ v^sSy ^^[dim. rel(z^23)], 

where pL : Sym'2(L)/ GL(L) ^ Q'(L*)/GL(L) is the natural map. So, similarly to the case 
of other characteristics, the Gauss sum of the Maslov index of (Li, L2, L3) G U23 is 'almost 
independent' of Li. 

Let V = V (8)_R k. The Heisenberg group H = H{V) = V x R with operation is viewed 
as an algebraic group over k (an extension of V by the Greenberg realization of R). 

In Section 7 we generalize the theory of canonical interwining operators (|17j) to the case 
of characteristic two. Main result here is Theorem [H which establishes the existence of an 
irreducible perverse sheaf F G P{C{V) x C{V) x H) of canonical interwining operators between 
the Heisenberg models of the Weil representation. The proof follows the strategy from [17]. 
However, a new technical point is that we need to consider an action of an algebraic group stack 
on an algebraic stack (our perverse sheaves are equivariant under the action of a group stacl!0). 
Generalities on such actions are collected in Appendix A. The theta-sheaf Sy ^ is one of the 
main ingredients in the construction of F. 

Finally, we construct a category M/^(y) of certain perverse sheaves on Ciy) x which 
provides a geometric analog of the Weil representation T-L^ from Section 2.3. The group stack 
G acts on VF(y) by functors. This action is geometric in the sense that it comes from a natural 
action of G on C{V). As in [17j, we also construct the non-ramified Weil category W{C{V)), 
which is a category of certain perverse sheaves on C{V). This is another geometric realization 
of the Weil representation (one has an obvious functor T^(F) — >■ W[C{y))^ we don't know if 
this is an equivalence). 

^The actions we consider are 'free' in a suitable sense, so that the quotient could be defined as a 1-stack f [10|. 
Section 2.4.4). 
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In Appendix B we turn back to the classical setting and show that the Weil representa- 
tion from Section 2 is obtained by some reduction from the Weil representation over the non 
archimedian local field of characteristic zero and residual characteristic two. 

3.3 Comments on open problems. From our point of view, the following problems would be 
interesting to solve. Find an interpretation of the construction of G in terms of i^T-theory (as 
for characteristics different from two). Find a description of C{V) and of Y as the moduli stack 
classifying some geometric objets related to V . Geometrization of the Howe correspondence in 
the case of characteristic two. If there could be one, find a description of G by a crossed module. 

4. The sheaf 

4.1 Let L be a free i?-module of rank n, set L = L 0ji k. Let vr : Z — > Sym*^(Z) be the 
map sending x to x x, here Sym is taken over R. The map vr is constant along the fibres of 
the projection L ^ L, so yields a map vf : L Sym*2(L). The latter map induces a closed 
immersion of fc-schemes vf : L^^^ Sym*^(L). 

Since Sym*^(L) and Sym'^(L*) is a dual pair of commutative unipotent group schemes over 
k, one has the Fourier transform functor 

Four^ : D(Sym*2(L)) ^ D(Sym'2(L*)) 

introduced in [21]. In this particular case, one also has the evaluation map ev : Sym*^(L) x 
Sym'^(L*) — )■ W2, and Four^ is given by 

Four^(K) = pr2!(pr]; K (g) ev*C^)[n{n + 1)] 

for K G D(Sym*2(L)). By [2l], Four^ is an equivalence, commutes with Verdier duality and 
preserves perversity. 

Remark 4. Let Z be an algebraic stack locally of finite type, G ^ Z he a group scheme of finite 
type and smooth of relative dimension m over Z. Let f : y Z he a G-torsor over Z. Then 
the functor K 1— )• f*K[m] is an equivalence of the category of perverse sheaves on Z with the 
category of G-equivariant perverse sheaves on y ([19j, A. 2). 

Definition 1. As in ([19], Section 4.1) set 

Since 7f!Q£[n] is an irreducible perverse sheaf, so is S^. The sheaf is naturally GL(L)- 
equivariant (by GL(Z) we mean here its Greenberg realisation over A;). Let qj^ : Sym'^(Z*) — > 
Sym'^(Z*)/ GL(Z) be the stack quotient. Write for the perverse sheaf on Sym'^(Z*)/ GL(Z) 
equipped with an isomorphism 

g|§^[dim. rel(g^)] S"^ 
By Remark m the perverse sheaf §^ is defined up to a unique isomorphism. 
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Set Q*{L) = RomR{Q-{L*),R). So, Q*{L) C Sym*^{L) is the i?-submodule of those A e 
Sym*^(L) which vanish on Ba{L*). The map vf : L ^ Sym*^(L) factors as 

l4q*{L) ^ Sym*2(Z) 

Again, Q*{L) and Q\L*) is a dual pair of commutative unipotent group schemes over fc, one 
has the evaluation map ev : Q*{L) x Q'(L*) — )• i? and the Fourier transform 

Four^ :D(Q*(L)) ^D(Q'(L*)) 

as above. Let be the irreducible perverse sheaf on Q-{L*) defined by 

Clearly, is GL(L)-equivariant. We have canonically B)S^^ S^-i. We write if we need 
to express the dependence on n. One has a canonical isomorphism 

pr* S^[n{n + l)/2 - n]^ S^, 

where pr : Sym'^(L*) — )• Q\L*) is the projection. 

We say that the Gauss sum for q G Q'(L*) is the *-fibre of at q. The Gauss sum for 
(p € Sym'^(L*) is the Gauss sum for its image in Q\L*). 

4.2 Let Q!q{L*) C Q'(L*) be the open subscheme of g E Q\L*) whose image in Sym'^(L*) is a 
non degenerate symmetric bilinear form, that is, a symmetric isomorphism L* of A;- vector 
spaces. 

Lemma 2. Over Qq{L*) the sheaf is a rank one local system placed in usual degree —n — 
n(n + l)/2 = — dimQ'(-^*)- One has canonically over Q'q{L*) 

Proof Let us explain the argument at the level of functions, its geometrization is straightforward. 
Let (/) : L — >■ L* be a symmetric isomorphism of i?-modules. For / G L write I for any lifting of / 
to an element of L. Let us calculate 

^ m,m-{i^,4>m (13) 

For f{l,u) := — {u,4>{u)) and v G L we have 

f(l + v,u + v) = /([, n) + 2(0([ -u),v) 

First, summate along the fibres of the map L x L ^ L, {l,u) I — u. The above formula shows 
that the result is supported by {0} C L. So, (fT3|) equals 



12 



□ 

The group scheme W2 of invertible elements with respect to the multiphcation identifies 
canonically with Gm x Ga- Let B2 be the /c-stack classifying a rank one free -R- module W with 
a bilinear form W (^^W ^ R. This is the stack quotient W2 /W2 , where b G W2 acts on a € W2 
as 6^a. Let C be the open substack given by the condition that the bilinear form in non 
degenerate. Recall the group scheme /X2 from Section 3.1. 

Lemma 3. There is Q, ccLTioTiicdl isoTnovphisTTi of h-stdchs 132 — ^ -^(/^2 ^ ^a) X • 

Proof An 5-point of B2 is a WJ'torsor on 5" with trivialization of its tensor square. A W^-torsor 
is a pair: a G^-torsor J^i and a Ga-torsor J'2- 

Since k is of characteristic two, for any G(j-torsor 
J-2, its tensor square is canonically trivialized, and the additional trivialization yields a point of 
A"*^. Our assertion follows. □ 

Lemma 4. There is a natural map Disc : Q\L*) — )■ B2, its restriction to Q^q{L*) C Q\L*) 
factors as QI{L*) B2 ^ B2- 

Proof The map sending a symmetric bilinear form (f) : L —?■ L* to det (f) : det L — > det L* factors 
through Sym'^(L*) — t- Q'{L*). Indeed, fix a base in L, so view Sym'^(L*) as symmetric n x n- 
matrices B over R. Then Ba{L*) becomes the set of zero-diagonal symmetric matrices C with 
entries in 2R. For such B and C we claim that det(-B + C) = det B. To see this, one must prove 

n n 

(sign a) Cj- JJ = 

o-eSn j = l i=l,ij^j 

in i?. If cj 7^ a^^ then the contributions of a and cj~^ are the same, so there remains the sum 
over a & Sn such that o"^ = id. We claim that for a G Sn with o"^ = id we have 

n n 

i=i «=i,«^i 

Indeed, the above sum is actually over those j which are not fixed by a. Such j are divided into 
pairs {j,o'{j)), and the contribution of each pair vanishes. □ 

We will refer to Disc : Q\L*) — > B2 as the discriminant map. Write disc : (5q(L*) — )> A-*^ for 
the composition Q^q{L*) B2 A^, where the second map is the projection. 

4.3 Remind the classical result of Albert ([1]). If n is odd then GL(L) acts transitively on the 
variety of non-degenerate symmetric bilinear forms (j) on L. If n is even then GL(L) has two 
orbits on this variety: they are distinguished by the fact that the image of (j) in Qa{L*) vanishes 
or not. 

For any n let Sym'2(L*)o C Sym'2(L*) be the open subscheme given by the condition that 
the image of € Sym'^(L*) in Qa{L*) does not vanish, and (j) is non-degenerate. This is the 
open orbit of GL(L) on Sym'^(L*). 
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Let U{L*) c Q'(L*) be the open subscheme classifying q E Q'{L*) such that its image 
(/) G Sym'^(L*) hes in Sym'^(L*)o. For u £ k denote by Ql{L*)u C Qo{L*) the closed subscheme 
given by the condition that the discriminant equals u. Write also U{L*)u for the fibre of the 
disriminant map disc : U{L*) over a A;-point u. 

Let (j) G Sym'^(L*)o be a fe-point and let r(y) = cl){y,y), y G L be the corresponding additive 
quadratic form. Let y* G L* be such that r{y) = {y, y*)"^. Write Li for the kernel oi y* : L ^ k. 

If n is odd then the restriction of (j) to Li is non-degenerate, so is a non-degenerate 
alternating form on Li. Writing L2 = we get Li © L2. The stabilizor O(0) of (j) in 
GL(L) is §p(Li,(/)) X /i2, it is not reduced, and its reduced part identifies with §p(Li,(/)). 

If n is even then L2 = C Li. Again, the group 0(0) is not reduced (it acts on L2 via a 
quotient fi2)- Its reduced part is an extension of Sp(Li/L2, by a unipotent group U^. The 
group U(f, fits into an exact sequence 1 Lf"^ ^ C/^ — )• Hom(Li/L2, L2) 1, so f/^ looks like a 
Heisenberg group. Actually, the latter exact sequence splits, because k is of characteristic two. 

Lemma 5. i) Let (j) G Sym''^(L*) be a lifting of (f) £ Sym'^(L*)o. Let q G U{L*) be the image of 
(j). The stabilizor 0{q) of q in GL(L) is as follows. 

1) If n is odd then this is 0{Li,q) x fj,2 C Sp(Li,0) x fi2- 

2) If n is even then we have two cases. First, if q is nonzero on L2, then 0{q) fits into 
an exact sequence 1 Z/2Z 0((7) — > Sp„_2 ~^ 1- Second, if q vanishes on L2 then 
q yields a quadratic form q : L1/L2 2R, and 0{q) fits into an exact sequence 1 — )• 
Hom(Li/L2, L2) 0(g) — )• 0{Li/ L2, q) 1. The bilinear form on L1/L2 associated to q 
is symplectic. 

a) If n is odd then we have a transitive action of GL(L) x on U{L*), and the map disc : 
U{L*) —7- is Pi} -equivariant, where acts on itself by translations. 

Assume n even. Then q vanishes on L2 iff the discriminant of q equals 

Jo, n = mod 4 , , 

\ 1, n = 2 mod 4 ^ ' 

Besides, for any u (z k and any n > the action o/GL(L) on U{L*)u is transitive. 

Proof i) For x,y & L one has 

q{x + y) - q{x) - q{y) = (f){x + y,x + y) - 4){x, x) - (j){y, y) = 20(x, y) = (0, </>(x, yf), (15) 

the last expression being written in Witt coordinates. 

1) Let n be odd. Then (f) yields a decomposition L = Li L2 as above, and (j) is alternating 
on Li. The restriction of q to Li is a map gi : Li — > 2R. By (jl5p . we see that the symmetric 
bilinear form associated to q is (f). It follows that 0(Li,g) C Sp(Li,(/)). The stabilizor of {L2,q) 

is /U2. 

2) Let n be even. Then (j) yields a decomposition L2 C Li C L as above. The restriction of 
q to Li is a map qi : Li ^ 2R. First, assume q nontrivial on L2, then the intersection of the 
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unipotent radical of 0{(p) with 0{q) is isomorphic to Z/2Z (reahzed as a closed subgroup of Go)- 
So, dimO(g) < dim§p„_2 = (n - 2)(n - l)/2. It follows that dim(0((/>)/0(g)) > n - 1, because 
dimO((/)) = n(n — l)/2. Let 3^,^ be the preimage of under Q'(L*) ^ Sym'2(L*). Let 3^,^,^ be 
the closed subscheme in given by the condition that the discriminant equals the discriminant 
of q. Since dimj^^ g = n — 1, we learn that each orbit of 0{q) on 3^^ ^ is open. So, one gets an 
exact sequence 1 — >■ Z/2Z — > 0{q) §Pn-2 ~^ 1- 

Now consider the case when q vanishes on L2- Then for x € L2,y G -Li we get from (jl5p 
that q{x + y) — q{y) = 0. So, q yields a map q : L1/L2 2R given by q{y mod L2) = q{y) for 
any y € Li. It is easy to see that 0(g) n Lf"^ = 0. Since dimO(g) = (n — 2)(n — 3)/2, we get 

dimO(g) < dimHom(Li/L2, -i^2) + dimO(,?) = n - 2 + (n - 2)(n - 3)/2 

So, dim. GL{L)/0{q) > (n - 1) + n(n + l)/2. On the other hand, GL{L)/0{q) is contained in 
the locus of Qq{L*) with fixed discriminant, which is of dimension < (n — 1) + n(n + 1)/2. Thus, 
1 Hom(Li/L2, L2) 0{q) 0{q) ^ 1 is exact. 

ii) If n is odd we let a £ act on g G U{L*) sending it to {l,a)q € U{L*), here (l,a) € is 
written in Witt coordinates. For any q G U{L*) the GL(L) x A^'^-orbit on U{L*) through q is 
of dimension equal to that of U{L*). Since U{L*) is an open subscheme of an affine space, it is 
irreducible. So, the action of GL(L) x on U{L*) is transitive. 

Now let n be even, let (p, cp, q be as in i). We have the corresponding flag L2 C Li C L on L. 
Pick I £ L — Li with q{l) mod 2 = 1. Adding to / a suitable element of L2 we may assume that 
q{l) = 1. Let / G L be a vector over /. Pick any I2 £ L such that its image I2 in L lies in L2 and 
4'ih,l) = 1- We have in Witt coordinates (j){l2,h) = (0,e) for some e £ k. The bilinear form (p 
is non degenerate over RI2 ® Rl, so we get an orthogonal (with respect to (p) decomposition of 
L into a direct sum of free i2-submodules {RI2 Rl) © W. Let W be the image of W in L then 
Li=L2®W. So, q:W ^ 2R. 

The bilinear form <p on W is symplectic, this is the bilinear form associated to q on W. So, 
q can be seen as a non-degenerate quadratic form on W with values in k. It follows that the 
determinant of ^ \w equals (— 1)("~2)/2^ Indeed, there is a base ei,e-i of W in which the form 
qonW writes in Witt coordinates 

g(x) = (0,5^x2x2_,)G2i? 

i 

for X = "^iixiCi + x-iC-i). Actually, we have proved that in a suitable base of L the form q 
writes as 

(n-2)/2 

Q{y,y2,Xi,x^i) = {0,e)yl + 2yy2 + y'^ + 2^^ XiX-i (16) 

1=1 

in n variables {y,y2, Xi, X-i} with 1 < i < {n — 2)/2. Here y,y2,Xi,X-i are any liftings of the 
corresponding variables with respect to i? — )• fc. In particular, for each u the action of GL(L) 
on U{L*)u is transitive. 



15 



Since the determinant of (p over RI2 © Rl equals (1, 1 + e) in Witt coordinates, we get that 
the discriminant of such q equals 

e, n = mod 4 
e + 1, n = 2 mod 4 

Our assertion follows. □ 

Remark 5. i) For n even the normal form (jl6p can be seen as a section s : ^ U{L*) of 
disc : U{L*) ^ A^. 

ii) For any q € U{L*) the stabilizor of q in GL(L) has two connected components (cf. also 
Section 4.4). So, for any u E k the shifted local system S®^ over U{L*)u is constant. It follows 
that there exists a local system Wn on together with an isomorphism over Q^q{L*) 

5f [-3n-n2]^disc*W„, 

here disc : Qq{L*) — > A^. One checks that for any n the local system Wn on A-*^ is of order two, 
it becomes constant on the covering A"*^ ^ A^, 6 1— )■ 6^ + 5. 

Actually, for n even we can say more. The restriction s*S^ under the section s : A^ — > [/ (L*) 
is of order 4 and can be calculated using the formula Let in : ^ W2 be the map sending 
X to {x, 0) in Witt coordinates. There exists an isomorphism over A^ 

s*S^[-d\niU{L*)]^i\C^ 

This follows easily from the fact that, at the level of functions, for €,y (z k the sum 

y2&k 

vanishes unless e = y^. 

Definition 2. For n = 1 and L = k one has canonically Q\L*)^ R. In this case write 
£ € D(Specfc) for the fibre of S^[-2] at 1 E Q\L*). Then £ is a 1-dimensional Q^-vector space 
placed in usual degree zero. 

Proposition 2. For any n we have canonically over (5q(L*) 

Proof 1) Assume n even. Set u = G /c. By RemarkEl S®'^[-2>n — n^] is a constant local system 

on (5o(L*)u. Choosing a base in L, we get a fc-point in (5o(L*), the image of the symmetric 
bilinear form (f) € Sym'^(L*) with the identity matrix. The fibre of 3n — n^] at this fc-point 

is f^". This yields an isomorphism 
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over Q-q{L*)u. 

2) Considering the map (55(L*) Ql{L* e L*)u sending to : Z L ^ L* L*, we are 
reduced to 1). □ 

If n = 1 then the local system Ig'^iL*) nonconstant. Indeed, consider the closed 
immersion kji : Ai sending x to (l,x) £ R* in Witt coordinates. Then RTciA\ k*j^S'^'^) 

is easy to calculate, which shows that n\S®'^ is nonconstant. Actually, i^f^S®"^ trivializes on the 
covering ^ hJ-, + z. This is a consequence of the following lemma. 

Lemma 6. Let iji : ^ W2 be the map sending x to {x + 1,0) £ R in Witt coordinates. For 
n = 1 one has an isomorphism 

Proof Consider the quadratic form q{x, y) = (1, a)x^ + y'^ with x,y £ R over x,y £ k. Consider 
a new base {u, U2} of k'^ given hj u = (0, 1) and U2 = (1, 1). The value of q at yu + y2U2 £ k"^ is 

(0, a + l)(yi, 0) + (0, y^yl) + (y^, 0) = (0, a + l)yl + ^ym + f 

So, the assertion follows from Remark [5j □ 

Definition 3. Fix once and for all an isomorphism S^^Qi. Then S^[—n — n{n + l)/2] is a 
local system on Qq{L*) whose 4th power is trivialized canonically by Proposition [2j In view 
of the homomorphism ■i/' : — )• Q| we have fixed in Section 3.1, yields a Z/4Z-torsor 
Cov((5q(L*)) — )• Qq(L*). The restriction of to Cov((5q(L*)) is equipped with a canonical 
trivialization. 

Definition 4. Let Qq{L) C Sym'2(L*) be the open subscheme of (/> : L — t- L*, which are 
isomorphisms of -R-modules. Write Cov{Qq{L)) Qo{L) for the Z/4Z-torsor obtained from 
Cov(Q5(L*)) by the base change QoiL) Qq{L*). 

4.4 Arf invariant of quadratic forms This subsection is independent of the rest of the 
paper. 

4.4.1 Let 5 be a scheme and E a vector bundle on S. A quadratic form on is a morphism of 
sheaves q : E ^ Os such that for local sections s £ Os, e £ E one has q{se) = s'^q{e) and the 
map bg : E X E ^ Os, (61,62) i-> q{ei + 62) — q{ei) — q{e2) is Os-bilinear. Then the Clifford 
algebra C{E) is a sheaf of Os-algebras on S defined as the quotient of the tensor algebra T{E) 
of E by the two-sided sheaf of ideals generated by local sections of the form e0e — q{e). This is a 
Z/2Z-graded sheaf of C'5-algebras, write C{E)'^ and C{E)~ for even and odd parts respectively. 

For example, if g = then C{E) is Z-graded and C{E)^ 0„>o ^'^{E) (the Z/2Z-gradation 
is given by the parity of n). 

Write Z[C{E)~^] for the center of the sheaf of Os'-algebras C{E)^ . By ([2j, Theorem 3.6, p. 
39), if E is of rank 2n for some n and bq is non-degenerate then Z[C{E)~^] is a sheaf of quadratic 
separable algebras over 5, that is, Spec(Z[C(-E')"^]) is an etale two-sheeted covering of S. This 
is the Arf invariant of the quadratic form q : E Os- 
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4.4.2 Assume that S = Spec A: with k algebraically closed of characteristic two. Let £^ be a 
/c-vector space of dimension 2n. A quadratic form q : E ^ k is called non- degenerate if the 
bilinear form bg{x,y) = q{x + y) — q{x) — q{y) on E is non-degenerate. The group GL(£') acts 
transitively on the variety of non-degenerate quadratic forms on E ([3]), and the bilinear form 
hq is symplectic. Let q : E ^ khe a. non-degenerate bilinear form on E. 

Lemma 7. The stabilizer 0{q) of q in GL(ii^) has two connected components. We write SO{q) 
for the connected component of unity, although 0{q) C Sp{bq) C SL(£'). The group 0{q) acts 
naturally on C{E), so on Z\C{E)~^]. The action ofSO{q) on Z[C{E)'^] is trivial, and the group 
0{q)/SO{q) induces a unique nontrivial k- automorphism of the k-algehra Z[C{E)^]. 

Proof This follows from ([3], exercice 9 on p. 155). Namely, if {ci, e_i} (1 < i < n) is a symplectic 
base in E then {1,2;} is a /c-base of Z[C{E)~^]^ where z = ^eje_j. If W is the Weyl group of 
0(g) for the corresponding torus, we have an exact sequence 1 ^ 5„ — > — > (Z/2Z)" — )• 1. 
The image of o" G 5„ in 1^ sends Cj to Co-j and e_j to e_o-i iX < i <n). The group W contains 
also the elements Wi permuting Cj and e_j. Let be the subgroup of those w ^ W whose 
image a in (Z/2Z)" satisfies Y.l:=i «i = 0- Let W- = W - W+ . Then 

SO(g) = yj^^w+BwB and 0{q) - SO(g) = \J^^w~BwB 

Since any w G acts on the base {1, -z} as {1, z + 1}, we are done. □ 

Now if 5 is a /c-scheme, let q : 8 ^ 0$ be a vector bundle of rank 2n with a non-degenerate 
quadratic form. This is nothing but a torsor for O(go), where go is the split quadratic form of 
rank 2n. So it induces via extension of scalars ©(go) — ^ 0)(go)/ SO((7o) a Z/2Z-torsor, which 
identifies canonically with Spec Z[C(f )"*"]. Another way is to say that GL(£')/O(go) is the 
stack classifying non-degenerate quadratic forms of dimension 2n , and {£,q) is a datum of a 
map r : S" — 7- GL(£^)/O(go)- Then the Arf invariant of {£,q) is the restriction under r of the 
Z/2Z-torsor GL(^)/SO(go) ^ GL(S)/O(go)- 

4.5 Description of Cov{Q^q{L*)) generically 

4.5.1 Use the notations of Section 4.3. Let q G Q\L*), so q : L ^ R. Say that a 1-dimensional 
fe-subspace E d L is multiplicative if for any nonzero e G E we have in Witt coordinates 
q(e) = (a, 0) for some a € k. This condition does not depend on a choice of e. 

For a point q G U{L*) let r be the image of Fr(g) in Qa{L*), where Fr : U{L*) — )• U{L*) is 
the Frobenius map. Let the hyperplane Li C L be the kernel of r. As q varies these hyperplanes 
form a vector bundle over U {L* ) . 

If n is odd, we consider the vector bundle £i over U{L*) whose fibre at q is Li for the 
corresponding r. It is equipped with the quadratic form g : Li — )• 2R, which organize into a 
quadratic form on £i. As in LemmaO the bilinear form (x, y) i-> q{x + y) — q{x) — q{y) on Li is 
symplectic. The corresponding Clifford algebra over U{L*) is denoted C(fi). Write U{L*) for 
Spec Z[C(£^i)], this is a Z/2Z-Galois etale covering over U{L*). The group GL(L) acts naturally 
on U{L*), the projection rj : tj{L*) U{L*) is GL(L)-equivariant. 
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By Remark O the local system r]*S^[— dim [/(L*)] descends with respect to the composition 
U{L*) A U{L*) A^. More precisely, there exists an isomorphism over U{L*) 

rj*S4-dimU{L*)]^7]* disc* k*r{iS^[-2]), 

where k/j is the map from Lemma [H 

4.5.2 Now consider the case of n even. For q € U{L*) write r G Qa{L*) and (p ^ Sym'^(L*)o 
for its images in Qa{L*) and Sym'^(L*)o respectively. We also have the corresponding flag 
L2 C Li C L, where Li is the kernel of r, and L2 = with respect to (j). 

Assume that q is nonzero on L2, then there is a unique subspace W C Li such that L2®W = 
Li and W is preserved by the stabilizer 0{q) of q in GL(L). The bilinear form (p \w is symplectic. 
Let W-^ C L he its orthogonal complement in L, so L2 C W-^ and W-^/L2^ L/Li naturally. 

Then the form q \yy± lies in ?7((VF -*-)*), that is, it has the same properties as q itself but 
now for dimension two. One checks that there are exactly two 1-dimensional multiplicative 
subspaces in W-'- for q. The stabilizer 0(g) C GL(L) of q in GL(L) acts transitively on these 
two multiplicative subspaces. 

Let (A^)" C be the open subscheme given by the condition that a G A^ is not the critical 
value given by p^ . Let [/(L*)° C U{L*) be the preimage of (A^)° under disc : U{L*) A^ 

We get a 2-sheeted etale covering 

7] : iJ{L*f U{L*f, 

which classifies a point q G U{L*)^ together with a one-dimensional multiplicative subspace 
E C W-^. The section s : ^ U{L*) from Remark [5] extends to a section s : (A^)° — )• U{L*)^, 
namely, in the notation of formula (I16p we have a distinguished multiplicative subspace given 
by y2=Xi = x-i = 0. 

By Lemma O rj* descends with respect to the composition 

U{L*f A U{L*f A^ 
More precisely, there is an isomorphism over U{L*)^ 

rfS^'^vj* disc* s*(5^) 

Remind that the shifted local system s*{S^) is of rank one and order four, it is described in 
Remark [5l 

4.6 Description of on strata 

Write Symp(L*) C Sym'^(L*) for the locus of symmetric bilinear forms on L whose kernel is of 
dimension i . Let Q\ (L* ) be the preimage of Symp (L* ) under the projection {L* ) — >■ Sym'^ (L* ) . 
Write 'Qi{L*) C Q\{L*) for the closed subscheme classifying those q G Q\{L*) which vanish on 
the kernel of (p, where (f) G Symp(L*) is the image of q. Then 'Qi{L*) can be seen as a scheme 
classifying an z-dimensional subspace M C L and q G Q^q{{L/M)*). The corresponding map 
L — > i? is then the composition L ^ L/M R. 
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Proposition 3. For any i the *-restriction of to Q\{L*) is the extension by zero from 'Qi{L*). 
The corresponding sheaf 

Q I r- n{n+l) 
\'Q,(L*) V-n J 

is a local system of rank one and order four (except for the last stratum 'Qn{L*) = Specfc, over 
which it is a trivial local system of rank one). If M d L is a suh space and q € (5g((L/M)*) then 
the fibre of at L ^ L/M R is the shifted Gauss sum for q. 

Proof Let q G Qi{L*) and cp be its image in Sym:^{L*). Let M C L be the kernel of 4>. Then 
for X G L, y G M we have q{x + y) = q{x) + q{y). At the level of functions, for any x G L the 
sum 'Yliy^M'^i^i^ + y)) ^^^^ vanish unless q G 'Qi{L*). The geometrization is straightforward, 
our assertion easily follows. □ 



5. Maslov index in characteristic two 



In Sections 5.1-5.3 we generalize the results of [23] to the case of characteristic two. 

5.1 Let O be a discrete valuation ring, I C O be a non zero ideal and O = O/I. Let y be a 
free O-module of rank 2n with a symplectic form oj -.V ®V ^ O. For a submodule M C ^ let 
M-L = {x G y I uj{x, m) =0 for ah m G M}. One checks that (M-L)-^ = M. 

For a O-module M set M* = Hom0(M, C?) in the category of O-modules. The functor 
M I—)- M* is exact on the category of finite type (5-modules. For any (5-module of finite type 
M one has (M*)*^M canonically. If ii' is a bounded complex of free O-modules of finite type 
then H°(Hom(5(K, O)) ^ Rom^ (R°{K), O) canonically. 

For any submodule M C F we have an isomorphism of exact sequences of (5-modules 

0^ M ^ V ^ V/M ^0 

\- \^ 

0^ iy/M^y V* ^ (M^Y 

5.2 Keep notation of Section 3. Let L be a free -R-module of finite type with symmetric bilinear 
form (p : L —?■ L*. We say that (j) is hyperbolic if there is a base {ej, e_j} of L in which the form 
is given by (/>(ej, ej) = unless i = —j, and 0(e.t, e_i) = (t)[e-i^ Cj) = 1. 

Lemma 8. If (p is an isomorphism then 

1 ) for any free submodule N d L its orthogonal complement N-^ C L is free. 

2) If N is a free isotropic submodule in L then the induced symmetric bilinear form (j) on N^/N 
is non degenerate, and we have an isometry (N-^/N) © {N © M)^ L for any free submodule 
M C L such that N-^ © M = L. Here N ® M is equipped with the form induced by 4> (and 
N (B M is not necessarily hyperbolic). 

Proof 2) We have an orthogonal decompositon (iV©M) © (iV©M)-L ^L, and (iV©M)-L C N-^ 
maps isometrically onto N-^/N-^. □ 
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Remark 6. If : L — )• L* is non degenerate of rank 2r, and iV C L is a free isotropic submodule 
of rank r (it is automatically a direct summand), then {L^cj)) is not always hyperbolic. At the 
level of matrices the reason is that one can not in general present a given symmetric matrix 
B € Matr'(-R) as = ^ + *^ for another matrix A G Matr(-R). However, the Gauss sum of such 
(L, (p) is canonically trivialized. 

5.3 Let y be a free i?-module of rank 2n with symplectic form uj :V y~V ^ R. Write CiV) for 
the variety of free lagrangian i?-submodules in V . We view it as a /c-scheme via its Greenberg 
realization. 

For any submodule M C we have (M^)^ = M. If M C is a free isotropic submodule 
then is free, and /M is equipped with a symplectic form with values in R. For a family 
of submodules Mj C F we have nj(M^) = Mi)^- 

Let m > 2. As in [23], think of Z/mZ as the vertices of a graph whose set E of edges is the 
set of pairs of consecutive numbers {i,i + 1}, i € Z/mZ. For 

V = {v{i,i+i}) ^ ® V 

{i,i+l}eE 



its derivative is 



Conversely, for w = (wi) G © F its antiderivative is 

w = {wui+i}) G F such that d^w) = w 

{i,i+l}eE 

An anti-derivative exists if "^i^z/mZ Wi = and is unique up adding a constant function. 
Definition 5. For Li, . . . ,Lm G C{V) let Ki^2,...,m be the kernel of 

© Li ^ V 

The surjectivity of the above S is equivalent to requiring that rijLj = 0, and in this case Ki^ 
is a free i?-module. 

As in ^23j, -ftri,...,m is equipped with the i?- valued symmetric bilinear form 

qi,2,...,m{'^,w) = ^ ^^^,^^{^+1}) 

for any anti-derivative w G ©{j,j+i}eE^ of w. The derivative restricts to a map 

d: © Li n Li+i 

{i,i+l}GE 
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whose kernel is rijZ/j, and its image is contained in the kernel of 9i,2,...,m- Set 

7i,2,...,m = -ftri,...,m/Im9 

This is an i?-module, which is not necessarily free, it is equipped with the induced symmetric 
bilinear form qi^2,...,m- For a i?-module of finite type M write M* = Hom/j(M, i?). 

Lemma 9. The form gi,...,m induces an isomorphism of R-modules Ti^,„^m—^Ti ^. 

Proof Consider the complex placed in degrees —1, 0, 1 

v*''^^ ® L*^ e (L,nZ,+ir, (17) 

ieZ/nl. {i,i+l}€E 

where d* is the transpose to d : ©|j_j_|_i}g]E(Lj fl Lj+i) — )■ ®i^z/mZ-^i- The proof of ([23]. 
Proposition 3) goes through in this situation and yields in an isomorphism between /Ci ...^m/ImS 
and H*^ of (jl7p . The cokernel of d* is (rijLj)*. To finish the proof use 5.1 for O = R. U 

Assume that DiLi = 0. Then Ti^...^^ is free iff for any {i, i + 1} € E, Lj n Lj+i is free (this is 
also equivalent to Li + Li^i being free). A straightforward analog of (f23], Proposition 5) yields 
the following. 

Lemma 10. For any Li € C{V) there are canonical isometrics Ti^,,, „^ "^22,3,,,,,m,i c'^'^ 

.,m) Ql,...,'m ) — ^ (Tm,...,!, —Qm,...,l) 

One can also replace T by K in the both above isomorphisms. □ 

UN is an i?-module of finite type with a non degenerate symmetric bilinear form (p : N'^ N* 
and M C A'" is an isotropic submodule, let M-*- = {n £ N \ (n, (pim)) = for all m G M}. Then 
the -R- module M-^/M is equipped with a non degenerate symmetric bilinear form, and we say 
that M-^/M is a quadratic subquotient of A^. The proof of ([23], Proposition 6) applies without 
changes in our situation and yields the following. 

Proposition 4. Let Li, . . . , L„i G ^{V) and /c € {2, . . . , m}. 

1) If Li Lk = then there is a canonical isometry Ki^2,....k © Ki,k....,m—^Ki,2,...,m o,nd also 

Tl,2,...,k © Ti^k,...,m Tl,2,...,m 

2) Without conditions, Ti^2,...,k ®Ti,k,...,m is a quadratic subquotient of Ti^2,...,m- D 
5.4 Maslov index in families 

Let -L be a free i?-module of rank n. Let U23 be the variety of triples ^1,^2,^3 € C{V) such 
that Li n L2 = Li n L3 = 0. Define a morphism of fc-stacks 

vrt7:C/23^Sym'2(Z*)/GL(L) (18) 
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as follows (it is understood that we first take the Greenberg realizations of Sym'^(L*) and of 
GL(L) and then the stack quotient of one by the other). 

Given (Li, L2, L^) € U23 let r : L2 — >■ Li be the i?-linear map such that 

L3 = {r{x) - X e Li e Z2 I x G Z2} 

Let (f) G Sym'^(L2) be given by (f>{x, y) = Cj{r{x), y) for x, y € L2. 

Lemma 11. For {Li, L2, L3) € U23 there is a canonical isometry {L2, (p)^ Ki^2,3- It identifies 
L2 n L3 with the kernel of (i^i,2,3 5 91,2,3)- 

Proof The map L2 — )• Ki,2,3 given by x 1— )■ (— r(x), x, r(x) — x) is the desired isometry. □ 

We let TTu send {Li, 12,13) to (12, (j)). Note that the variety {N G C{V) | iV n Li = 0} 
admits a free transitive action of the i?-module Sym'^(Li). 

Write U3 C U23 for the open subscheme of triples {Li, L2, L3) £ U23 such that Lj n Lj = 
for i ^ j. We also denote by the same symbol 

7Tu:U3^Qo{L)/GL{L) (19) 

the restriction of vrj/. Let Cov(C/3) — )• f/3 be the Z/4Z-torsor obtained from 

Cov(Qo(Z))/GL(L) ^ Qo{L)/GL{L) 

by the base change ttu- 

Given a A:-scheme S and a 5-point (Li, L2, L3) G f/s, write C{Li, L2, L3) for the Z/4Z-torsor 
over S obtained by restricting Cov(C/3) under S — )• [73. This notation agrees with (llip and |14] . 

Proposition 5. There is a canonical isomorphism 

C(Li, L2, L3) O C(Lo, Zi, L3) = C(Lo, L2, L3) (g) C(Lo, Li, L2) 
of "L/ AWj-torsors on the variety U4 classifying Lq, . . . ,L3 G >C(y), which are paiwise transverse. 

Proof The Gauss sum takes a direct sum to the tensor product of Z/4Z-torsors. So, it suffices 
to show that, given Lq,...,L3 G C/4, there is a canonical isometry of i2- modules with the 
corresponding symmetric bilinear forms 

2^1,2,3 © ^0,1,3 ^0,1,2 © ^0,2,3 

And these isometries naturally organize into a family over U4. Indeed, by Lemma [TO] and 
Proposition m one has canonical isometries 

^1,2,3 © ^1,3,0 ^1,2,3,0 ^0,1,2,3 ^0,1,2 © 2o,2,3 

To finish, use the dihedral isometry ri^3_o "^2o,i,3 of Lemma [TOl □ 
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Remark 7. Let [Li, L2, L^) S U23 and Lj = e(Lj) be the corresponding enhanced lagrangians. 
Then the image of ttu{Li, L2, L3) in Q-{L2) is the form Ql]_,L2,Lz L2 —> R defined by ([9|). 

5.5 New isometries for the Maslov index 
The following result will be used in Section 6.3.2. 

Lemma 12. Let Li,...,Lm £ ^(V). There is a canonical isometric inclusion A'i^...^m-i ^ 

-f^l,...,m- 

Proof Write v € i^i,...,m as v = {vi, . . . , Vm) with Vi = 0, G Lj. Then the desired isometry 
is given by the map (ui, . . . , Vm-i) ^ {vi,..., Um-i, 0). □ 

Proposition 6. Let (N , N' , N") and {L,M) be two collections of lagrangians inC{V). Assume 
that each lagrangian from the first collection is transverse to each lagrangian from the second 
one. Then 

admits a free isotropic R-suhmodule D such that one has a canonical isometry j D'^ K^,, ^ 

Proof By Lemmas fTOl and [T2| (f20]) is canonically isometric to K^^ ^, ^„(BKj^ ^, ^ and admits 
canonically the isometric subspace K^,^ n' l® N' M- Lemma [IDI one has an isometry 

Then D = {x + a{x) G Kjj^ ^, ^(BK^^ n' m \ ^ ^ N' l) desired free isotropic ii-module 

of rank n. Indeed, one checks that D-^ C Kj^j ^, ^ ^„ © Kj^ ^, £^ ^ is the submodule 

{{mi,n[,li,n'l) G Kj^^^f^,^^^^^,,, (/2, n'g, m2, ng) G i^^_jv',Af,7V I "'1 = ^2} (21) 

and D = {{mi,n[,li,0), {li,n[,mi,0) \ {mi,n[,li) G Kj^^ tv' '^^^ sending a 

collection (pTj) to 

(n", mi - m2, -n2, h - h) G ^jv",m,7V,l 
yields the desired isometry. □ 

6. Construction of the gerb C{V) over C{V) 

6.1 Use notation of Section 5. Our aim now is to construct a Z/4Z-gerb C-(y) 'C(y) (cf. 
Appendix A for a definition of a Z/4Z-gerb). 

For L G C{V) write Z^(Z) = {M G | Z n M = 0}. Note that U{L) depends only on 

the image of L under C{V) — )■ C{V). We want to construct C(y) by gluing the trivial gerbs 
U{L) X S(Z/4Z) over the open subschemes IA{L). 
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Definition 6. For m > 1 say that a finite family of lagrangians Lj G ^{V), i G / is m-sweeping 
if tliey are pairwise transverse and 

U,eill{Lir = /:{Vr, 

here denotes the m-th cartesian power of a scheme Y over k. Since C{V)"^ is quasi-compact, 
for any m a m-sweeping family exists. 

Pick a 1-sweeping family Lj G i ^ I. The Z/4Z-torsors C{Li,Lj,Lk) (with A; G /) 

over Spec/c satisfy the cocycle condition given by Proposition [5J So, we may and pick Z/4Z- 
torsors Bij over Spec A; together with isomorphisms Bji^B^^ and 

C(Zi, Lj,Lk)-^ ^ Bij ^j-fc (22) 

for all i,j,k. We call an enriched sweeping family a collection {Lj}jg/ together with ^Bjj and 
isomorphisms (|22|) . 
Set Z^i = U{Li) and 

^/ij = n Uj , Uijk = Ui n Uj n Z//^ 

Let CoviUij) be the Z/4Z-torsor over Uij obtained from Cov(f73) by the base change Uij — )• C/3, 
L I— >■ (L, Li, Lj). The gluing data consists of 

• the Z/4Z-torsor Cov (Uij) ® Bij over l/lij giving rise to the automorphism 

aji : Uij X B{Z/4Z)'^Uij x B{Z/4Z) 

sending {L,T) to {L,F ® Cow iUij) ®Bij). To be presice, for a scheme Z it sends a Z-point 
(/, J") on the left to the Z-point (/, T ^ f* CaviUij) Bij) on the right. Here f : Z ^ Uij 
is a morphism, and is a Z/4Z-torsor on Z. 

• a 2- morphism d^ji : a^j o aji ^ a^i making the following diagram 2-commutative 

U^jk X B(Z/4Z) "4 Uijk X B{Z/AZ) 

X B{Z/AZ) 

It is given by the Z/4Z-torsor C{Li,Lj,Lk) over Spec A: together with the isomorphism of 
Z/4Z-torsors over Uijk 

C{L, U,Lj) C(L, Lj,Lk)'^C{L, Li,Lk) ® C{Li, Lj,Lk) (23) 

(when L runs through Uijk the above isomorphisms of Z/4Z-torsors over Spec A; organize 
into an isomorphism of Z/4Z-torsors over Uijk)- So, 5kji can be seen as a trivialization of 
the Z/4Z-torsor over Uijk, whose fibre at L is 

C{L, Li,Lj) (g) Bij (g) C{L, Lj,Lk) (g Bjk 
C{L,Li,Lk) <^Bik 
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It is understood that (j23p is the isomorphism given by Proposition [5l Finally, the 2- 
morphisms 6 satisfy the following compatibility property: over any Uijks the diagram of 2- 
morphisms commutes 

o'sk ° o-kj ° (^ji o-sk°crki 

^skj ^ski 

asjoaji — )• asi 

Though this is not reflected in our notation, the gerb C{V) depends on the family {Li}, i ^ I. 

Remark 8. Call an elementary transformation of an enriched 1-sweeping family the procedure 
of adding or throwing away one lagrangian L € C{V) such that the obtained family is still 1- 
sweeping (together with a compatible change of the family Bij). Clearly, the gerb associated to 
the enriched 1-sweeping family obtained from the original one by an elementary transformation 
is isomorphic to the initial gerb C{V) over C{V). One can pass from one 1-sweeping family to 
another by a finite number of elementary transformations. So, the isomorphism class of the gerb 
C(y) does not depend on a choice of {Li}, i & I and of Bij. 

This also shows that the corresponding element of H^(£(y), Z/4Z) is invariant under the 
action of (the Greenberg realization of) Sp(y). 

Remark 9. i) Remind the variety ELag{V) from Section 2.4.1. A similar Z/4Z-gerb can be 
defined over ELag{V). It is not used in this paper. 

ii) Consider the W2*"torsor over C{V) whose fibre over L is the set of generators of detL. Since 
W2^Gm X canonically, it can be seen as a pair: a Gm-torsor and a A^-torsor over C{V). 
Denote the corresponding A-^-torsor by C{V)ex — >■ >C(V^). Let C{V)ex be the Z/2Z-gerb over 
C{V) obtained from C{V)ex via the exact sequence 

^ Z/2Z ^^^+^ A^ ^ 

One may show that £.(y)ex identifies with the extension of jC,(y) under the surjective homo- 
morphism of structure groups Z/4Z — > Z/2Z. In particular, C{V)ex admits a Sp(F)-equivariant 
structure. This will not be used in the present paper. 

6.2 Set Y = C{V) x C{V), the product being taken over k. Let Y be the Z/4Z-gerb over Y 
obtained from C{V) x C{V) via the extension of the structure group 

Z/4Z X Z/4Z Z/4Z, {a,b)^b-a 

Let Yq C Y he the open subscheme classifying (Li, L2) € Y such that Li n L2 = 0. 

Lemma 13. There exists a canonical section 5 of the gerb Y ^ Y over Yq. 

Proof Assume that the collection ({Lj}jg/, Bij) giving rise to C{V) is such that {Lj}jg/ is 
2-sweeping. 
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Define 5 by gluing. Over the open subscheme Yo{Li) = {{L,M) ^ Yq \ L, M e U{Li)} we 
consider the Z/4Z-torsor, whose fibre at {L,M) is C{M , L, Li). For any i,j over Yo(Li) nlo(^j) 
we glue the corresponding sections of our gerb via the isomorphism (given by Proposition E]) 

C(M, L, U) ® 9i^£lI:ilM^CiM, L, L,) 
(-■[L, Li, Lj) 

The fraction in the above formula is, according to 6.1, exactly the gluing data for the gerb 1^. 
It is understood that we have chosen the same Bij in the numerator and the denominator, so 
they have disappeared. □ 

Definition 7. Define a perverse sheaf Sy ^ on y as follows. The section s yields an isomorphism 
Y \yq ^Yq X i3(Z/4Z). Let be the rank one local system on B{Z/4Z) corresponding to the 
representation ^ : Z/4Z — )• Q^. If p : Spec/c — ?> i?(Z/4Z) is the quotient map then is the 
direct summand in p\Qi on which Z/4Z acts via ip. Let Sy ^ be the intermediate extension of 

Qi Kl from Y \yo to Y. We refer to Sy ^ as the finite- dimensional theta-sheaf. 

6.3.1 Remind the variety U23 defined in Section 5.4, it classifies triples {N,L,M) in C{V) such 
that A^nL = A^nM = 0. Our purpose now is to define a morphism of stacks 1)23 '■ U23 — > Y 
extending the projection 1^23 : i^^L^M) {L,M). 

Assume that the collection {{Li}i^i,Bij) is such that {Lj}i(=/ is 3-sweeping. Define the 
section P23 of the gerb Y over U23 by gluing sections on the open subschemes 

U23{L^) := {{N,L,M) G U23 \ N,L,MeU{L^)} 

Namely, over the open subscheme U23{Li) we consider the Z/4Z-torsor whose fibre at (A^, L, M) 
is 

C{M,N,Li) 
CiL,N,U) 

Over the intersection U23{Li) n U23{Lj) we glue the above sections via the isomorphism 

CjM, N, Li) ^ C{M, Li,Lj) ^ C{M, N, Lj) 



C{L,N,Li) C{L,Li,Lj) C{L,N,Lj) 
obtained from the two isomorphisms (of Proposition 

C{-,N,Li)0C{-,Li,ij)'^C{N,Li,Lj)(S)C{-,N,Lj), 
where • is M or L. This completes the definition of 1^23 : U23 — >• Y. 

Proposition 7. The T^/^Z-coverings of U3 defined by the following two cartesian squares 

Yo ^ YoXyU3 Cov{U3) Cov{Qo{L)) / GL{L) 

is i i I 

Y Us U3 ^ Qo{L)/GUL) 

are canonically isomorphic. 



(24) 
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Proof Over Yq we trivialize the Z/4Z-gerb Y via the section 5. Then the map 1^23 '■ 

Yo X B{Z/4Z) is given by some Z/4Z-torsor, say J-, over Us- Note that Yq x U3 is the 

total space of T. 

We identify with the Z/4Z-torsor CoviU^) — > C/3 by gluing. First, itself is constructed 
by gluing. Over the open subscheme 

U3{Li) := {{N, M, L)eU3\N,M,Le U{Li)}, 

J- is given by the Z/4Z-torsor whose fibre at {N , L, M) is 

CiM,N,Li) 
C{L,N,Li)(^C{M,L,Li) 

The fibre of CoviUs) U3 over {N,L,M) is C{N,L,M). The desired isomorphism of Z/4Z- 
torsors over U^^Li) is the isomorphism 

C(M,N,Li) _ ~ ~ - 



C{L,N,Li)®C{M,L,Li 

given by Proposition [5l These isomorphisms are compatible with the gluing data, so they yield 
the desired isomorphism over U3 = Ujg/ {/^{Li). □ 

For any L € C{V) there is an isomorphism Yq ^ Sp(V^) / GL(L), so Yq is affine. Note that U23 
can be seen as a variety of triples {N,L,(f>), where {N,L) G Yq and (f> € Sym'^(L*). Therefore, 
the map (|18p is smooth, and U23 is affine. Proposition [7| immediately yields the following. 

Corollary 1. There is a canonical isomorphism 

TT^S^ [dim. rel(7r;7)] ^ i^h^v,^ [dim. rel(z^23)] 
of perverse sheaves on U23- □ 
6.3.2 An alternative description of Y 

For the map 1^23 : U23 — > Y consider the scheme Uy ■= U23 xy U23, it classifies collections 

(iV,L,M) G U23,{N',L,M) G ?723 

For such a point of Uy consider the ordered collection of lagrangians {N',M,N,L). Let 
^N' M N L corresponding free i?-module with the symmetric bilinear form given by Def- 

inition [H It is crucial that in the collection N' , M , N , L indexed by Z/4Z each lagrangian is 
transversal to the next one, so the bilinear form on Kj^, f; l '^^ '^^'^ degenerate. Let K he a. 
free i2-module of rank 2n. This gives a morphism 

T^UY -.Uy ^Qo{k)/GUk) 

sending (A^', M, N , L) to Kf^, i with the corresponding bilinear form. 

Let Cov({7y) be the Z/4Z-torsor over Uy obtained from Cov(Qo(-f^))/ GL(K) by the base 
change ttuy- For a scheme S and an S'-point (N' , M , N , L) of Uy write C{N' , M , N , L) for the 
Z/4Z-torsor over S obtained from Gov (C/y) by the base change S — )• Uy- 
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Lemma 14. Let S he a scheme and 

(N, L, M) G [/23, {N\ L, M) G C/23, {N" , L, M) G C/23 
he an S-point ofU23 U23 Xy C/23- One has a canonical isomorphism. ofZ/il^-torsors on S 

C{N", M, N',L)® C{N', M, N, L) ^C{N", M, N, L) (25) 
In particular, for (N, L, M) G C/23 yields a trivialization of the Tj/AZ-torsor C{N, M, N, L). 
Proof Combine Proposition [6] and Remark [6l □ 

Let Yd be the Z/4Z-gerb over Y obtained as the descent of the trivial gerb C/23 ^ B{'L/A'L) 
with respect to the morphism V23 : C/23 — ^ Y for the descent data given by 

• the isomorphism 

over Uy sending a given Z/4Z-torsor to J- Cov(C/y); 

• the isomorphism ([251) of Z/4Z-torsors over C/23 Xy U23 xy C/23. 

The gerb 1^ is naturally Sp(y)-equivariant, thus it can be seen as a Z/4Z-gerb over the stack 
quotient Y/Sp{V). It is understood that Sp(F) acts on Y diagonally. 

Lemma 15. 1) There exists a canonical isomorphism Y^^Y of Z/AZ-gerhs overY. 

2) The restriction ofY^ to the diagonal C{V) ^ Y admits a canonical Sp{V)-equivariant section 

t : £{V) ^ Yd. 

Proof Remind the original definition of Y. One first picks a 2-sweeping family ({Lj}jg/). For 
i e I let Y{Li) = {{L, M € Y \ L, M £ U{Li)}. Then Y is obtained by gluing the trivial Z/4Z- 
gerbs Y{Li) x B(Z/4Z) over the open subschemes Y{Li) Y{Lj) via the isomorphism sending 
a Z/4Z-torsor Ti over Y{Li)r\Y{Lj) to the Z/4Z-torsor whose fibre at (L,M) G Y{Li)nY{Lj) 
is 

Li, Lj) 

From Proposition U] and Lemma [10] one gets an isomorphism 



C{M,Li,L,] 
C{L, Li, Lj) 



■C{Lj,M, Li,L) 



2) For {N, L, M) G C/23 the triviahzation of C{N , M, N, L) given by Lemma [H] shows the 
following. After the diagonal base change C{V) Y, the tautological section of the gerb 
{U23 Xy C{V)) X i?(Z/4Z) is compatible with the descent data with respect to ^23 x id : 
U23 Xy C{V) —7- Civ). It yields the desired section. □ 
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Remark 10. The section 5 :Yq ^ Yq can now be described as follows. Consider the Z/4Z-torsor 
over C/3 whose fibre at (A^, L, M) € C/3 is C{M, L, N). It is compatible with the descent data for 
Yd with respect to the morphism 1^23 '■ U3 — > Yq. Thus s :Yq Yq \s Sp(y)-equivariant. This 
implies that Sy ^ is also Sp(F)-equivariant. 

6.4 The metaplectic group Let G be the Greenberg reahzation of Sp(F). It acts naturally 
on C{y). According to Appendix A. 2, the gerb C{V) yields a group stack G over G. From 
Remark [8] we conclude that the homomorphism G — > G is surjective. We refer to G as the 
metaplectic group. 

In the rest of Section 6.4 we prove the following 

Proposition 8. Any 'L/2'L-torsor over C{V) is trivial. 

By A. 3, this implies that G fits into an exact sequence 1 i3(Z/4Z) —^G—^G^l and is 
algebraic. Besides, G acts naturally on C{V), and the projection C{V) — > C{V) is equivariant 
with respect to (5 — )• G. 

Lemma 16. Let Z be a k-scheme, q : W ^ Z be the total space of a vector bundle W on Z. 
One has a canonical isomorphism of sheaves of Oz -algebras q^^O ©d>o 

Lemma 17. Let W be a vector bundle on of the form W = ©[=iO(rai) ® Wi, where rii > 
and Wi are fixed finite- dimensional k-vector spaces. Let W be the total space ofW. Then any 
Z/lZ-torsor on W is trivial. 

Proof Let q : W ^ be the projection. By Lemma [TBI H'^(W, O) = k. One has the exact 
sequence of groups 1 — > Z/2Z — )• — > ^ over Spec k, where o(x) = x'^+x. So, it suffices to 
show that H^W, O) % H^W, O) is injective. The space R\W, O) = ®d>o^\^^, Sym*'^{W*)) 
is graded by d > 0. Let x € H^(W, O) non zero, let Xd be its non zero component of the biggest 
degree d >0. It suffices to show that x'^ G H^(P-^, Sym*^'^(M^*)) does not vanish. One has 

di+...+dr=d i 

So, our assertion follows from the fact that for m > the map H^(P-'^, 0{—m)) ^ II"'^(P^, 0{—2m)) 
is injective, where v : 0{—m) — t- 0{—2m), x 1— > is a homomorphism of sheaves of abelian 
groups on P^. We also used the property that for a finite-dimensional A;- vector space U and 
u € Sym**^ U the condition = in Sym*^'^ U implies ti = 0. □ 

Proof of Proposition 

Let £ be the vector bundle over C{V) whose fibre at L G ^{V) is Sym'^(L*). The projection 
C{V) ^{V) is a torsor under F*£, the inverse image of £ by the Frobenius map F. For n = 1 
one has C(V)^Fj^, and F*£ is isomorphic to the line bundle 0(4) on P^. 

Let J-" be a Z/2Z-torsor over C{V). It suffices to show that J-" is constant along the fibres of 
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Step 1. Pick an isometry V^Vi (B V2, where Vi are symplectic vector spaces, dimVi = 2, 
dimV2 = 2n — 2. Pick a A;-point L2 £ ^{^2)- It yields a closed immersion C{Vi) — )• C{V), 
Li^Li® L2. Let Zi = C{Vi) ^c{v) ^{y)- 

Let £1 be the vector bundle on C{Vi) whose fibre at Li is Sym'^(L*) © (Li ® L2)* ■ Then 
Zi —?■ C{Vi) is a torsor under the vector bundle F*{£i Sym'^(L2)). Any such torsor is trivial. 
Let Z be the total space of F*£i then Zi^Z xU, where U = F* Sym'2(L^) is an affine space 
over k. By Lemma [T71 the *-restriction \zi descends under the projection Z x U — > C/ to a 
local system on U. 

Step 2. Pick a fc-point L G /:(!/). Let T be the fibre of C{V) C{V) over L. For any 
decomposition Li ® L2 into a direct sum of vector subspaces with dimLi = 1, the torsor 
J-" It is equivariant under the action of the vector space F*(Sym'2(Lt) {Li ® L2)*). Indeed, 
this follows from Step 1. Since the decomposition Li ® L2 was arbitrary, the Z/2Z-torsor 
It is trivial. □ 

6.5 CASE n = 1. 

6.5.1 Let us give some explicit formulas for C{V) in the simplest case n = 1. Take V to be the 
free i?-module with a symplectic base ei, 62 such that cj(ei, 62) = 1. Then CiV) is the Greenberg 
scheme of P)j. 

Let Li dV he the i?-submodule generated by Cj. Set Ui = U[Li) then U1IMA2 = Ciy). We 
have the isomorphism R^lAi sending a € i? to the i?-submodule in V generated by aei + 62- 
We have the isomorphism R^U2 sending h to the i?-submodule generated by ei + be2- So, 

n 142 R* and the corresponding identification is given by 6 = a~^. 

View L € ^12 as a -R-submodule in V generated by ei + be2 with b (z R*. In this notation 
the Z/4Z-torsor Cov(Zii2) — > Z^i2 becomes the Z/4Z-torsor over R* whose fibre over b = {bo, 61) 
is {z G R \ Fz — z = (6i6q ^, 0)}, here b is written in Witt coordinates. Indeed, this follows from 
Lemma [6] and the fact that C{L, Li, L2) is the Gauss sum for the quadratic form x 1— )• —bx'^ 
(here x G R is any lifting of x G A:). 

Consider the i?-torsor TCiV) — >• C{V) defined as the gluing of the trivial i2-torsors over Ui 
by the 1-cocycle h : U12 R sending b = {bo, bi) to (^i^o ^, 0). The i?-torsor TjC{V) over JC{V) 
is nontrivial (even its extension of scalars via R ^ k is a nontrivial A-'^-torsor over C{V)). The 

gerb C{V) is obtained from this i?-torsor via the exact sequence 0— >Z/4Z— — t- i?— >0. 

Set Spi(y) = {9 G Sp(y) I 5 = id mod 2}. It is easy to check that TC{V) admits a 
Sp^(l^)-equivariant structure. 

6.5.2 Following [14j, consider the variety C^iV) classifying L G CiV) together with a generator 
0£ of the i?-module detL. A point tP = {L,oi) of C^{V) is called an oriented lagrangian. 

Let TC^{V) — )■ C^{V) be the i?-torsor obtained from TC{V) — )• C{V) by the base change 
£0(y) ^ C{V). 

Let Vi C C^{V) be the open subscheme classifying oriented lagrangians generated by 
oi = {a,b) e R X R such that b e R* (resp., a G R*) for i = 1 (resp., for i = 2). 

Let T^{V) — )• C^{V) be the 2i2-torsor defined as the gluing of the trivial 2ii-torsors over Vi 
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via the cocycle over V12 = Vi H V2 sending (a, b) to 



UqOq 

The i?-torsor TC^{V) — ?> C^{V) is isomorphic to the extension of scalars of T^{V) under the 
inclusion 2R — )• R. 

One checks that the Sp(y)-orbit in H^(£°(y), O) passing through the 2i?-torsor T^{V) is not 
a point. For example, take v £ R and g € Sp(V^) given by g{ei) = ei and 5(62) = 62 + vei. The 
2ii-torsors (7*T'^(F) and T^{V) are not isomorphic over C^(V) unless vq = 0, here v = {vo,vi) 
is written in Witt coordinates. 

Actually, there exists a 2i?-torsor, say T{V) >C(V^), whose restriction to C^{V) is isomor- 
phic to T^{V) C'^iV). 

7. Canonical interwining operators 

7.1.1 Our purpose now is to generalize the theory of canonical interwining operators (|17j. 
Theorem 1) to the case of characteristic two. 

Remind that ^ is a free i?-module of rank 2n with symplectic form uj : V ^ V ^ R, and 

V = V i^iji k. Pick a bilinear form /3 : V x V ^ R satisfying 1^. 

Let /? : y X y — 7- i? be defined as in 2.2. It gives rise to the Heisenberg group H = H{V) = 

V X R with operation (jH) . We view it as an an algebraic group over k (the Greenberg realization 
of the corresponding i?-scheme). The center of H is Z(H) = {(0, z) G H{V) \ z G R}. 

The affine symplectic group ASp(F) is defined as in 2.2 (it is understood that for {g, a) G 
ASp(y) the map a : V R must be a morphism of /c-schemes), it is an algebraic group over k 
acting on H by automorphisms. 

Let G be the Greenberg realization of Sp(T^) over k. As in 2.2, one defines a homomorphism 
^ : G — > ASp(y) of algebraic groups over k. Let ELag{V) be defined as in Section 2.4.1. The 
map e : CiV) — t- ELagiV) defined as in 2.4.2 is a morphism of schemes over C{V), the action of 
ASp(F) on ELag{V) is algebraic, and the diagram ^ commutes. 

Given a /c-point {L,t) G ELag(y), write Hl for the category of Q^-perverse sheaves on H, 
which are equvariant with respect to L acting on H by the left multiplication via r, and also 
(Z(i7), >C^)-equivariant. This is a full subcategory in P{H). Write DHl C ^(H) for the full 
subcategory of objects whose all perverse cohomologies lie inTiL. 

For a fc-point L G C{V) set T-L^ = Hl for the enhanced lagrangian L = e{L). For a /c-point 
g £ G the inverse image under the map H ^ H , h ^ g~^h yields an equivalence g : 'Hi^'Hgi, 
which we denote by g by some abuse of notation. 

7.1.2 Write L for a point of C{V) over L G C{V). For 5 G G, L G C{V) we write gL for the 
image of {g, L) under the action map (defined in A. 2) 

G X C{V) C{V) 

Write (L : M) for the image of a pair {L,M) G C{V) x C{V) in Y. 
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For a pair of points L,M €z C(y) we will define a canonical interwining operator 

depending only on the image {L : M) G Y . They will be equipped with isomorphisms 

• ^Ll ^ id 

• for 5 G G one has g o T^ j^y o g-^ ^ ^gL,gM 

satisfying natural compatibility properties. As in [17], the functor J^i £j will be defined as a 

convolution with a suitable complex on H, and as L, M vary, these complexes will organize into 
a perverse sheaf F on C{V) x C{V) x H. 

Denote by C ^ ^V^) the vector bundle whose fibre at Z G C{V) \s L = L ®r k. Consider 
the maps 

pr, actfr iCxCxH^ C{V) x C{V) x H, 

where act/^ sends (L, / G L, M, m G M, h) to (L, M, Tj^{l)hTjyj{in)), and pr sends the above point 
to (L, M, /i). Say that a perverse sheaf -fC on C{V) x x H is actir-equivariant if it admits 

an isomorphism 

act;*^ pr* 

satisfying the usual associativity condition and whose restriction to the unit section is the identity 
(such isomorphism is unique if it exists). One has a similar definition for C{V) x C{V) x H. Let 

act(j : G X C{V) X C{V) xH ^ C{V) x C{V) x H 

be the map sending {g, L, M, h) to {gL, gM, gh). This is an action map in the sense of A. 2.1, so 
one has a notion of a G-equivariant perverse sheaf on C{V) x C{V) x H (cf. A. 4). 

For a scheme S and K,K' eD{S x H) define their convolution K * K' ^T>{S x H) hy 

K*K' = mult!(pr;^2 K ® wlz K')[n + 2 - 2 dim £(1/)], 

where pr]^2) P^is -SxHxH—^SxH are the projections, and mult : H x H H is the product 
map sending (/ii,/i2) to /ii/i2. The above shift is chosen to that the formula (j3ip below holds 
without any shift. 
Let 

ZA : {C{V) X H)a ^ C{V) X H 

be closed subscheme of (L, h) G C{V) x H such that there exist x L,z Z{H) with h = ti{x)z. 
Let OA : (>C(y) x ff)A — > Z{H) be the map sending the above point to z G Z{H). 

Theorem 1. There exists an irreducible perverse sheaf F on CiV) x CiV) x H with the following 
properties: 
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• for the diagonal map i : C{V) x if — )• C(y) x C{V) x H the complex i*F identifies 
canonically with the inverse image of 

{iAW^C^[2dimC{V) + n + 2] 
under the projection C{V) x H ^ ^i^) ^ H ; 

• F is actir-equivariant and {Z (H) , C^)-equivariant; 

• F is G-equivariant; 

• convolution property for F holds, namely for ij-th projections 

qij : C{V) X C{V) X C{V) xH ^ C{V) x C{V) x H 
inside the triple C{V) x C{V) x JC.{V) one has ((7i2-^) * ilh^)~^^i3'^ canonically. 
The proof of Theorem [1] is given in Sections 7.1.3-7.1.5. 

7.1.3 Remind that Yq cY is the open subscheme classifying (L, M) G Y such that L D M = 0. 
Define a perverse sheaf FoonYQxHas fohows. Let 

ao-.YoxH ^ Z{H) 

be the map sending (L, M, h) to z, where z G Z{H) is uniquely defined by the property that 
there exist I € L,m € M such that h = T^{l)T^,^[m)z. Set 

Fo = oilC.^[dixn{YQxH)] 

Let C/i3 be the scheme classifying (Z, N, M) G C(yf such that NnL = NnM = 0. Let 
1^13 -.Uis^Y send (L, N, M) to (L, M). Define vi2, 1^23 ■ U13 Yq by 

ui2{L, N, M) = {L, N) U23{L, N, M) = {N, M) 

Let iu '-Yq ^ C/13 send {N,L) to {L,N,L). The open subscheme C/3 C C/13 classifies triples of 
pairwise transverse lagrangians in C{V). Let pYo ■ Yq — )• C{V) send {N,L) to L. Remind the 
map TTu defined by (fT9]) . 

Lemma 18. 1) The complex 

(r/*2Fo)*K3i"o)[dim/:(y)] 

is an irreducible perverse sheaf on U13 x H . For the map pY(^ x id : Yq x H ^ ^i^) ^ H one 
has canonically 

ihii^^Fo) * (i^hFo))^ {PYo X idy{iA)ialC42dimC{V) + n + 2] 

over Yq X H . 

2) There is a canonical isomorphism 

{vI^Fq) * (i/*3i^o)[dim£(y)]^7r^S^ ® 1^1*3 i^oM 

of perverse sheaves over U3 x H. Here, by abuse of notation, : U3 ^ Yq is the restriction of 
Viz- 
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Proof 1) Let us give an argument at the classical level (of ET-groups) and explain the changes 
needed for geometrization. For a point (L, M) G Yq write Fj^ j-^ for the restriction of Fq to this 

point, so Fj^ is a 'function' on H. Given {L,N,M) € U13, let us calculate the convolution 

(F^ ^ * F^ j^,){h) = I F^ f,{hh-{^Wf, M{h,)dhi (27) 

Jhi&H 

as a function oi h ^ H, here d/ii is a 'Haar measure'. Write N = N (8)/? A;, and similarly for 
L,M. Because of equivariance properties of (p7|) . we may assume h = t^{x) for x £ N. Write 
hi = Tfj{y)Tj^j{u)z with z G Z{H),u £ M,y G A^. Then ([27|) equals the volume of x Z 
multiplied by 

/ ^LN(TN(^)m('^))du = ¥i^^{Tj^-j{u))'il^{uj{x,u))du (28) 

Ju&M JueM 

We have used the equality t^{x)t£^{u) = T£^{u)tj^{x){0,u){x,u)). The formula (j28l) shows that 
the resulting complex on N is the Fourier transform of a rank one local system on M (the 
symplectic form induces an isomorphism M*'^N). So, our first assertion follows from the fact 
that the Fourier transform preserves perversity and irreducibility. 
Assume further that M = L then (j28p equals 

f III \\A / 0' for X / 

Agl I vol{V), for X = 

The geometrization is straightforward, our second assertion follows. 

2) Assume that {L,N,M) € U3. Take x N and continue the calculation of (j28|) from 1) as 
follows. Let r : A^ — > L be the /c-linear map such that M = {r{w) — wGLqNIwG N}. 
Consider Q ■.= Q-^^ ^.^ £ Q'{N*) defined by Q, that is, Q : N —s- R is given by 

Tj^,{r{^) - w)T^{w)T^{-r{w)) = (0, Q{w)) (29) 

for any w £ N. Now ([28]) equals 

/ ¥ ^ j^{Tj^;j{r{'w) — w))'ilj{u!{x,r{w) — w))dw = / ip{Q{w) + u!{x,r{w)))dw (30) 
JweN ' JweN 

Remind that for w,wi € A^ one has 

Q{w + wi) = Q{w) + Q{wi) + a;(r(tt;), iLii) 
(cf. Section 2.5). After the change of variables w = t + x,t(^N the expression ()30p rewrites as 

V'(Q(x) +w(x,r(x))) /" ^iQ{t))dt 
JteN 
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Now (I29p with w = x also yields 

^L,M(^iv(^)) = HQix)+ujix,r{x))) 
Remind the notation C{L, N , M) = J^^^ '4j{Q{t))dt given by pT]) . Combining with 1) we get 

i^L,N*^NM)ih) = vol{N X Z)C{L,N,M)¥i^j^,{h) 

Because of equivariance properties, the latter formula holds for all h & H. By Remark [71 Q 
is the image of ttu{L, N , M) in Q'{N*). The above proof goes through also in the geometric 
setting. □ 

7.1.4 Let @^ be the rank one local system on Yq defined by = Sy ^ [— dimlo]- The map 
z)23 has been defined in Section 6.3.1. Consider the diagram 

i l>23 

where z>i2, J>i3 are defined by hsiL, N, M) = hsiN, L, M) and i>i2{L, N, M) = V2z{M, L, N) for 
{L,N,M) G C/3. Prom Lemma [TUl one derives the following. 

Lemma 19. One has canonical isomorphisms 1^12®^ ~^ ^23®^/' ~^ ^13®^'^ '^^^'^ ^3- '-' 

Definition 8. Let Fq be the perverse sheaf on Yq x H given by Fq = prj (S> Fq. It is 

understood that we take the inverse image of Fq under the projection Yq x H ^ Yq x H. Let 
F be the intermediate extension of Fq under Yq x H ^ Y x H. The restriction of F under the 
natural map C{V) x C{V) x H ^ Y x H is also denoted by F. Note that Fq is G-equivariant 
(cf. Remark [10]). 

Combining Lemmas [T8| [T9] with Corollary [H one gets the following. 
Corollary 2. There is a canonical isomorphism over x H 

(uI^Fq) * (l>2*3Fo) ^ (^2*3©' ) ® ^>1*3^0 (31) 

Denote also by % : U13 ^ Y the map ^(Z, iV, Af) = i>23(iV,L,M) for {L,N,M) G f/ia. 
The cartesian square 

[/a X ^ U13X H 

4, i^iaxid 4, i>i3Xid 

YqxH ^ Y X H 
together with Lemma [TB] yield a canonical isomorphism over U13 x H 

(i>i3 X id)*F^ (uI^Fq) * (1/I3F0) (32) 
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obtained by the intermediate extension from x H. This gives an expHcit formula for F. 
Further, the diagram is canonicahy 2-commutative 

^0 ^ Uis 

£{V) A Y 

Restricting (j32p under iu xid:yo x H —?■ U13 x H, one gets an isomorphism 

{pYo X id)*(t X id)*F^(py;, X id)* (i A )!aA^^ [2 dim + n + 2] 

Since pyq has connected fibres, the latter isomorphism descends under py^ x id : Yq x H ^ 
C{V) X H to an isomorphism 

(t X idyF^{iA)\a*^C^[2dimC{V) + n + 2] 

By construction, Fq is acti,.-equivariant, >C^)-equivariant, and G-equivariant (this 

property holds over Yq x H and is preserved by the intermediate extension). 

7.1.5 Consider the scheme Y x^^y-^ Y classifying {{L,N) G Y,{N,M) G 1"). Define the gerb 

Y x^^y^ Y over it as the Z/4Z x Z/4Z-gerb obtained from C{V) x C{V) x C{V) by extension of 
the structure group 

Z/4Z X Z/4Z X Z/4Z Z/4Z x Z/4Z, (a, b,c) ^ {b- a,c- b) 

So, a point of Y x^^-^-j y is a collection ((L : iV) G y, (iV : M) G Y). Extending further 
the structure group with respect to Z/4Z x Z/4Z TLj^^ iu,v) u + v, one gets the gerb 
y X C{V), the corresponding morphism of stacks 

V : y x^(^) Y^Yx C{V) 

sends ((L : iV), {N : M)) to ((L : M), iV). Write 7 : Y x ^^y^ Y ^Y for pr^ 07'. A straightfor- 
ward calculation yields the following. 

Lemma 20. Consider the diagram 

Y^ciV)Y ^ Y ^Y 

f U12 X 023 i>13 

where p is the structure map sending {L : M) to (L, M) . The two maps thus obtained from U3 
to Y coincide, but the triangle in the above diagram is not 2-commutative. More precisely, the 
two sections so obtained of the gerb Y over U3 differ by the Z/ AZ-torsor C{L,N,Mf, where 
{L,N,M) G C/s.D 
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For i = 1,2 let 7j :Y x^^y) Y ^ Y denote the projection to the i-th term. To finish the 
proof of Theorem [H it remains to establish the convolution property of F. We actually prove it 
in the following form. 

Proposition 9. There is a canonical isomorphism over (Y x^y-j Y) x H 

(7*F)*(72*F)^7*F (33) 

Proof 

Step 1. Let (Y x^y^ Y)q C (Y X£(y) Y) be the open substack obtained by the base change 
C/3 C y ^c(V) ^ ' view of Lemma [20l the isomorphism of Corollary [2] descends under the 
covering 

VYl X l>23 : ^ (i^ '^c.iv) ^^)o 
to the desired isomorphism ([33|) over (y x^^y^ y)o x R. 

Step 2. It suffices to show that (71 -F) * (72^) is perverse, the intermediate extension under the 
open immersion 

(^X/:W y)o X C (y x^(^) Y)xR 

Let us first explain the idea informally, at the level of 'functions'. For (L : M) G Y write F^.£^^ 
for the restriction of F to this point, this is a 'function' on K. For (L, M) G Yq write Fj^ for 
the restriction of Fq to this point, this is also a 'function' on K (as in the proof of Lemma [T8j) . 
Let ((L : iV), (iV : M)) G Y x^^^^ y. Pick any 5,r G /:(y) such that 



. (L,5,iV),(Ar,r,M) GC/13, 

. z>i3(L,5,iV) = (L : iV), i>i3(iV,r,M) = (iV : M), 

• ^nT = 5nM = o. 

By (I32p . we get (up to some explicit volumes that we omit) 

Fl:N * ^iV:M = Ws * I^^.Tv) * (I^^.f * ^ f = C{S, N, f)¥^^^ * F^^^ * F^_^^ = 

C{S, N, f)C{S, T, M)F^_^ * F^^^, = C{S, N, f)C{S, T, M)F|^^^, 

where (L : M) = z^i3(L, S", M). Now we turn back to the geometric setting. 

Step 3. Consider the scheme X classifying {L,S,N) G C/13, {N,f,M) G C/13 such that Snf = 
S* n M = 0. Let 

C-.X^Yx^^y^Y 

be the map sending the above collection to {l'i3{L,S,N),£'i-^{N,T,M)). It is smooth and 
surjective. It suffices to show that 

CiillF) * {j*,F)) 
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is a shifted perverse sheaf on X x H, the intermediate extension from ( ^((^ ^c{V) ^)o) ^ ^• 
Let fi : X ^ Ui3 be the map sending a point of X to (L, S*, M). Applying ([32]) several times 
as in Step 2, we learn that there is a rank one local system J' on X such that 

over X X H. Since F is an irreducible perverse sheaf, our assertion follows. □ 

Thus, Theorem [T] is proved. 

7.1.6 Given fc-points L, Ad £ ^{V), let £j be the *-restriction of F under (L, M) x id: H ^ 
C{V) X C{V) X H. Define the functor 7"^ ^^^ : 0"^^^-^ ^ D^H^ by 

By Theorem [H for L,N,M E C{V) the diagram is canonically 2-commutative 

DK^ D-Hj^ 

To see that preserves perversity, pick G ^(^) such that A^nAf = A^nL = and use 

the commutativity of the latter diagram. This reduces the question to the case L n M = 0, in 
the latter case £j is nothing but the Fourier transform between the dual vector spaces L, M 

for the perfect pairing uj : L x M 2R. Here L = L (8>/j k, M = M k. This completes the 
definition of (EHI). 



7.1.7 For a fc-point M G C{V) let ij^ : C{V) C{V) x C{V) x H he the map sending L to 
(L,M,0). Let 

: D-Hj^ ^ D(£(y)) (34) 

be the functor sending a complex AT to ^^^(-^ * pr3 Ar)[dim/3(1/) — dimi?]. For any /c-points 
M, N G jC(I^) the diagram commutes 

D-Hj^, D(£(y)) 
Lemma 21. T/ie functor is exact for the perverse t-structures. 

Proof Let M (B M* he a decomposition of V into an orthogonal sum of two free lagrangian 
submodules. Remind the open subscheme Z//(M) = {L € C{V) \ LnM = 0} C CiV), it identifies 
naturally with Sym'^(M). It suffices to show that for any above decomposition the composition 

n^, "^4 D{C{V)) ^ D{U{M)) (35) 
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is exact, where the second arrow is the restriction under the canonical section U{M) — ?> C{V). 

Let M = M (S)R k. The functor P(M*) sending K to K = (r^^,)*iC[-n - 2] is an 

equivalence. Remind the map vf : M* — > Sym*^(M*) from Section 4.1. One checks that (|35p 
sends K to Four^(7f!i^) G P(Sym'2(M)). We are done. □ 

Definition 9. The non-ramified Weil category W{C(y)) is the essential image of the functor 
(jMj) . This is a full subcategory in F{C{V)) independent of the choice of a fc-point M £ ^(V). 

The group G acts naturally on C{V), hence also on F{C{V)). This action preserves the full 
subcategory W{C{V)). 

7.1.8 Let pr : (7 — > C{V) be the vector bundle whose fibre at L is L, where L = L (8/? k. Let 
acti : C X H ^ ^(V) x H he the map sending {L,h,x G L) to {L,T^{x)h). A perverse sheaf 
K G F{C{V) X H) is acti-equivariant if it is equipped with an isomorphism 

actl K'^ pi* K 

satisfying the usual associativity property, and whose restriction to the unit section is the iden- 
tity. 

Definition 10. The Weil category W{V) is the category of pairs {K, a), where K G P{C{V) xH) 
is act;-equivariant and i2^)-equivariant, and 

a : F*pr23K^^ Wis^ 

is an isomorphism. Here pr^3,pr23 : C{V) x C{V) x H ^ ^(V) x H are the corresponding 
projections. It is required that a is compatible with the associativity constraint and the unit 
section constraint of F. 

The group G acts on C{V) x H sending {g G G,L,h) to {gL,gh). This action extends to 
an action of G on the category One has a natural functor — > W{/l(y)), we don't 

know if this is an equivalence. 

Appendix A. Generalities on i/-GERBS 

A.l The notion of a group stack on an arbitrary site is essentially given in [5], where it is called a 
gr-champ. Here is its algebro-geometric version. Let 5 be a scheme, Q he an algebraic S-stack. 
Call it a group stack over S if we are given an action map i^-GxsG—j'Q,^ unit section 
i : S —?■ G over S, and the associativity 2-morphism a : v o {v x id) — )■ u o {id xu) making the 
following diagram 2-commutative 

gxsGxsG "^'^ QxsG 

QxsG 4 g 
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The morphism a should satisfy the following pentagone axiom. For a scheme T and T-points 
Ci , C2 , C3 , C4 G Q the diagram commutes 



((CiC2)C3)C4 (Ci(C2C3))C4 
(CiC2)(C3C4) 4Ci(C2(C3C4))'''^" Ci((C2C3)C4) 

We should also be given 2-morphisms r/ : o (i x id) — )• id and : o (id xi) ^ id making the 
following diagrams 2-commutative 

Q Q^sQ Q Q^sQ 

\j id J, 1/ \j id J, 

Q Q 

Writing O for the unit object of the restrictions ti^t^ : OO O should coincide. Further, 
the morphisms a,Ti,Tr should be compatible, namely, for a scheme T and T-points Ci,C2 G G 
the diagrams commute 

Ci{0C2) A (CiO)C2 OiCiC2) ^ {OCi)C2 CiiC20) A {CiC2)0 

where O is the unit section of Q. Finally, we require that for any scheme T and any T-point 
C € t?, writing Qt for the category fibre of Q over T, the functors QxsT^GxsT,Di-^ CD 
and G xs T ^ G x^T, Di-^ DC are isomorphisms of T-stacks. (We do not explicitely choose 
a quasi- inverse under multiplication, as we are interested only in actions of Q). 

A. 2.1 The notion of a torsor over a group stack is defined in ([5], Definition 6.1). Let us formulate 
its version for algebraic stacks. 

Let be a scheme, Q he a group stack over 5, write v : Q xs G ^ Q iov the product 
morphism, let i : S — )• be the unity morphism. 

Let Y be an S'-scheme and y — )• y be an algebraic stack over Y . An action ofG on Y over Y is 
a data of an action map m : G x ^ Y over Y, and a 2-morphism : mo (z/ x id) — >■ mo (id x m) 
making the following diagram 2-commutative 

GxsGxsY "^'^ GxsY 

J, id xm J, m (36) 

GxsY ^ Y 

The 2-morphism fi should satisfy the pentagone axiom. Namely, for any test scheme T and 
T-points Ci, C2, C3 G ^, D G y the diagram commutes 

{iCiC2)C3)D ^ {Ci{C2C3))D 

{CiC2){C3D) J^ Ci{C2{C3D)) ^ Ci{{C2C3)D), 
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where the top horizontal arrow is the associativity constraint for the group stack Q. We further 
should be given a 2-morphism A : m o (i x id) ^ id making the following diagram 2-commutative 



Y GxsY 

\ id I 

Y 

The morphisms and A should be compatible, namely, for a test scheme T and T-points C G 
Q,D eY the diagrams commute 

C{OD) A {CO)D 0{CD) A {pC)D 

CD CD, 

where O is the unit object of and r/, r,. are parts of data for the group stack Q. 

A Q-torsor over an S'-scheme y is a data of an algebraic stack Y —fY over Y , an action of 
^ on y over Y such that two additional conditions hold. First, m x pr2 : Q xsY ^ Y XyY 
should be an isomorphism. Second, after localization in fppf topology in Y there should exist an 
isomorphism Y'^Y XgQ such that the action map becomes isomorphic to the left translations 
on 

Now let y and Y' be two ^-torsors over Y . A morphism of such ^-torsors is a pair (/, /i), 
where / : y — >■ y' is a morphism over Y, and /t : m o (id x/) ^ / o m is a 2-morphism making 
the following diagram 2-commutative 

gxsY '"4^ gxsY' 
y 4 y' 

Besides, f^, ji' and h should be compatible, namely, for a test scheme T and T-points Ci, C2 G Q, 
D eY the diagram commutes 

{CiC2)f{D) 4Ci(C2/(L>)) A Ciif{C2D)) 

], h ]^ h 

f{iCiC2)D) fiCi{C2D)) 

Given two morphisms {fi,hi) and (/2,/i2) from Y to Y', a natural transformation from 

(/i) ^1) to (/2, /12) is a 2-morphism <p '■ fi ^ f2 such that (j) is compatible with the actions of G 
on y and Y' , namely, for a test scheme T and T-points C & Q, D & Y the diagram commutes 



Cfi{D) 




h{CD) 








Cf2{D) 


h{CD) 
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A. 2. 2 Now assume that H is a commutative group scheme over S and G is the S'-stack B(H), 
the classifying stack. Remind that for a morphism of schemes S' — )• S, the S"-points of B{H) is 
the category oi H Xs 5'-torsors on 5'. Then B{H) is a commutative group stack over S. 

For this particular Q the notion of a ^-torsor becomes nothing but a H-geih over Y . The 
definition simplifies considerably as follows ([6j, Definition 2.9, p. 49). An H-ger^ over Y is 
a stack Y Y together with a 2-morphism p : ~^ P^2^ where pr2 : H XsY ^ Y is the 
projection. It is subject to the following condition. For a scheme T and a T-point D £ Y 
write AutD \t for the sheaf of groups on T of automorphisms of D. It is required that for any 
S-scheme T the map p : H AutD \t is an isomorphism of sheaves of groups on T (in fppf 
topology). 

Given an H-geih Y ^ Y , a T-point D £ Y yields an isomorphism Y xg B{H) XgT, 
then the action map m : B{H) Xs{YxgT)^YxsT becomes the morphism 

B{H) Xs B{H) xsT ^ B{H) xgT 

sending {Fi,F2-,t) to {Fi 0T2,t). Here are //-torsors over T. 

Given two ff-gerbs Y and Y' over Y, a morphism of ff-gerbs is a 1-morphism f : Y Y' such 
that for any scheme T, any T-points D £Y, a £ H we have /(Py(o")) = Pfiicr)- We strengthen 
that there is no need to provide in addition a 2-morphism h as in A. 2.1 (it is constructed uniquely 
out of the other data). 

A. 3 Assume in addition that G is a group scheme over S, and G acts on an S-scheme Y over 
S. The iJ-gerb Y Y then gives rise to a group stack G over G defined as follows. For an 
S'-scheme T the T-points of G is the category of pairs {g, /), where g € G(T) and 

f ■.g*{Y xsT)'^Y xsT 

is an isomorphism of i^-gerbs over Y xgT. A morphism from {gi, fi) to (521/2) exists only 
under the condition 171 = 172 and it is a natural transformation from fi to f2- 

The product morphism G x sG ^ G sends a T-point (171, /i), {g2, f2) to the T-point {gig2, /), 
where / is the composition 

g*,gliY xs T) gl{Y XsT)hYxsT, 

Assume that the element of H^(y, H) corresponding to Y is stable under G, so that G — >■ G is 
surjective. Assume also the following condition: 

(*) For any geometric point s £ S any ff-torsor on y X5 s is trivial 

Then G is algebraic and fits into an exact sequence of group stacks over k 

1 B{H) ^G^G^l 
^in loc.cit. it is called an abelian _ff-gerb 
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Besides, G acts naturally on Y , and the projection y — )• y is equivariant with respect to the 
homomorphism G ^ G. The action map G x^y — >■ Y sends a T-point [g, f) € G'(T), D G y(T) 
to p{f~^D), where p is given by the diagram, whose square is cartesian 

YxsT g*{YxsT) ^ YxsT 

YxsT A YxsT 

A. 4 Let Q be an algebraic group stack over S. Assume that Y is an algebraic stack over S, and 
Q acts on Y over S. Assume that for any scheme T and T-points g € Q,y €Y the natural map 
AutGj.{g) Auty^((7y) is injective. Here Gt is the category fibre of G over T, similarly for Yp- 

According to ([lOj. Section 2.4.4), in this case one might define the stack quotient Y/Q, which is 
a priori a 2-stack, it turns out to be representable by a 1-stack (we don't claim anything about 
algebraicity of the latter). 

Assume that Q is smooth of finite type over S. Let K be an ^-adic perverse sheaf on Y (here 
i is invertible on S). Say that K is Q -equivariant if we are given an isomorphism 

of shifted perverse sheaves for the maps m,pr2 : Q x g Y ^ Y , where m is the action map. It 
is subject to the following conditions (in the notation of A. 2.1). The diagram of morphisms (of 
shifted perverse sheaves on Q xg G y) induced by ([36]) should be commutative 

{vx\d)*m*K '^^^^ ^ W%K ^ prggprg-fC 

ill* tpi^M? 
{\dxm)*m*K '^^'^^^^ (id xm)* pr2 A' ^ pr23m*Ar 

This means that for a scheme T and T-points Ci, C2 € Q^D G Y the diagram commutes 

K{C^C2)D ^ Kd 

Kci(C2D) ^ ATciD 

where K with a subscript denotes the corresponding *-restriction. 

We used the following. Given two stacks 3^, Z and an £-adic complex K on 3^, the inverse 
image of AT is a functor 

{category of 1-morphisms Z — )■ 3^} — )■ {the derived category of £ — adic sheaves on Z} 

Further, for any T-point D € y, writing O for the unit section of G, the diagram of ^-adic 
complexes on T should commute 

KoD ^ Kd 
\C II 
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Appendix B. Comparison with the local field case 



B.l In this section we show that the Weil representation considered in Section 2 is obtained by 
some reduction from the Weil representation over the non archimedian local field of characteristic 
zero (and residual characteristic two). 

Let F be a finite unramified extension of Q2, O C -F be the ring of integers and k be the 
residue field of O. Set R = 0/40, so R is the ring of Witt vectors of length two over k. Let q 
be the number of elements of k. 

Let be a i*"- vector space of dimension 2n with symplectic form {.,.): W xW F. Write 
H{W) for the Heisenberg group WxF with operation 

{wi,Zl){w2,Z2) = {Wl +W2,Zl + Z2 + ^{wi,W2)) 

The symbol x will refer to the above product. 

As above, / ^ 2. Fix an additive character Xo ^ Q2 ^ Q| whose conductor is Z2. Assume 
that the restriction xo '■ 3^2/^2 Q| is the character tp : Z/4Z — ?> Q| we fixed in Section 1. 
Let X : -F — ^ Q| be given by x(^) = Xo(tr z), here tr : F ^ Q2 is the trace. 

A subgroup in ^ C is closed iff Z2A C A (cf. [20], p. 32). For a closed subgroup A C W 
let A-^ = {w £ W \ {w,a) £ O for all a € A}. Say that a O-lattice M CW is a symplectic 
lattice iff M-L = M. 

For a closed subgroup A C W with A-^ = Alet^ = ^xFc H{W), this is a subgroup. The 
group Ax{^0/0) is abelian. The whole difficulty comes from the fact that there are no natural 
way to extend the character x from F to A. 

Let M C be a symplectic lattice. Consider the group (M/2M)x(iO/0), it is abelian 
(and naturally has a structure of a commutative unipotent algebraic group over k). Let <j) '■ 
M/2M \0/0 be a quadratic form such that 

(/)(mi + 771,2) - 4>{mi) - 0(7772) = ^("71, "72) 

for all 777j € M/2M. It yields a splitting of the exact sequence of abelian groups 

^ (M/2M)x(^0/0) M/2M 

given by m, I— 7> {m,(j){m)). Once such is chosen, we get a unique character X(l> '■ ^ ~^ Q.} 
extending x- Namely, for (777, z) £ MxF we set X(j>i^j ^) = xi4'{^) + 
Then we get a model of the Weil representation of H(W) 

nM,<p = {/ : H{W) ^ Q, I f{wh) = x4w)f{h),w G M; 

there is an open subgroup Mi C W such that f{h{w, 0)) = f{h),w e Mi,h G H{W)} 
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Let G{F) = Sp{W){F) and G{0) be the stabilizer of M in G{F). The group G{F) acts 
on H{W) by automorphisms, namely g G G{F) sends {w,z) to {gw,z). Write p : H{W) — > 
Aut(?^Af for the action by right translations. The model yields the metaplectic extension 

l^Q}^ G{F) G{F) 1, (37) 

where 

G{F) = {{g,0 \geG{F),(£Ant{nM,^y, p{gh) o ^ = ( o p{h), foi h G H{W)} 

Let G(j,{0) be the group of those g G G{0) whose image in Sp(M/2M) preserves (j). Then 
for all g G G^{0), h £ M we have X(t>{9h) = X</>(^)- It follows that G(i,{0) acts on 'HM,(f), namely 
g G G^O) sends / G ?^m,<a to g/ given by = f{g~'^h), h G This is a splitting of 

dHZD over 

The space ?^m,</> has a distinguished vector vm, which is extension by zero under M ^ H{W) 
of the function x<f> ■ ^ ^ Qi- It also has a distinguished linear functional cm '■ Hm,^ — > 
sending / to /(O). 

Remark 11. For any (p as above there is a lattice 2M C N C M such that N/2M C M/2M is 
a lagrangian, and vanishes identically on N/2M. 

B.2 If Ml C is a O-lattice such that Mi C Mf*" then we get the induced symplectic form (., .) 
on Ml /Ml with values in F/O. If moreover, Mi C M C Mj- then M/Mi is a lagrangian in 
MfL/Mi. 

Lemma 22. Lei Mi C M 6e a O-lattice. The space U^j^j]^ := {/ G "Ha/,^ I fiHw^O)) = 
f{h), for allw G Mi} is as follows. 

1) If 4> vanishes on Mi/ [Mi + 2M) C M/2M then H^j^^ identifies (via extension by zero) with 
the space 

{/ : M^xF ^ I f{wh) = X4>{w)f{h),w G M} 

T/ie /atter space is 

{/ : Mi^ ^ Q, I + = x{4>{w) + ^{y,w))f{y), for allw eM, ye M^} 

2) We have U^^^ = 0. 

Proof 1) Assume that / G T~i^j^^ does not vanish on (zi),0) G H(W). Then for any mi G Mi 
we have /(u;,0) = /((u;, 0)(mi, 0)) = /((mi, (w, mi))(ti;, 0)) = x(0(m-i) + (u^, mi))/((w, 0)). So, 
for any mi G Mi we have x{4>{f^i) + {w,mi)) = 1. 
2) is easy. □ 

Let 2M C iV C M be a O-lattice such that iV/2M C M/2M is lagrangian, and 4> vanishes 
on N/2M. Note that N-^ = and dim^^ n^j^^ = g". The action of A^^ xF on nM,4> preserves 
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the subspace Hm (p- The symplectic form (.,.) : A'' x A'' — > is non degenerate, and 
N-^XjO C N-^xF is a subgroup. Besides, 

NxO C A^-^x-O 
4 

is a normal subgroup, and the quotient will be denoted H{N^ /N), it acts naturally on Ti'^ ^. 
We have an exact sequence of groups 

1 ^ ^O/O H{N-^/N) N-^/N 1 

Its push- forward under jO/O \0/^0 admits a splitting. Let Mjq be the image of Mx^O 
in H{N-^/N). Then X4> yields a character still denoted x<t> '■ Q^) and T-L^j ^ identifies with 

the representation of H{N-^ /N) in 

{/ : H{N^/N) ^ Q, I f{wh) = x4^)f{h), for allu; G M,v,/i G H{N^/N)} (38) 

acting in the latter space by right translations. In this way T-L^^j ^ becomes the Schrodinger 
model of the oscillator representation of H(N-^ /N) for the enhanced lagrangian M /N C N-^/N. 
The enhanced structure r : M/N — )• H{N-^ /N) is as follows. First, we have a natural surjective 
homomorphism 

5 : N^x{^0/0) H{N^/N), 

then for m € M we have r(m mod N) = 6{m, —(j){m)). 

Now let Gn C G[F) be the stabilizor of N . Let Gn be its preimage in G{F). Since Gjy 
preserves N x {0} C H{W), it follows that Gn acting on T-Lm.<I) preserves T-L^j ^. The group Gn 
acts naturally on A^-'-x^O, and the action of Gn on H{N-^ /N) factors through an action of 
Sp(A^-L/2A^). Set V = N-^/N and V = N^/2N. 

One gets the 'finite' metaplectic extension 1 — > — > Gy Sp(V^) — > 1, where 

Gy = {{g,io) I 9 G Sp(^^),eo G Aut(7^j^,^); po{gh) o = Co o po(/i), for h G i7(Ar^/Ar)} 

Here po is the action of H{N^ /N) by right translations in (j38p . and .^q is an automorphism of 
the corresponding Q^-vector space. 

Let Gn,i be the kernel of Gn — >• Sp(V^)- Then Gn,i C G^{0)^ and the composition Gn^i ^ 
G^{0) ^ G{F) realizes Gn,i as a normal subgroup in Gn- This normal subgroup acts trivially 
on H{N-^ /N), hence a morphism of exact sequences 

1^ ^ Gy ^ Sp(y) ^1 

t id t t 

1^ Q} ^ Gn ^ Gn ^1 
yielding an isomorphism {GN)/GN,i—>Gy. 
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